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Message from the Director General

Department of Mathematics of National Institute of Education time to time implements many
different activities to develop the mathematics education. The publication of this book is a mile

stone which was written in the name of “Statics - Part I, Statics - Part II”.

After learning of grade 12 and 13 syllabus, teachers should have prepared the students for the
General Certificate of Education (Advanced Level) which is the main purpose of them. It has not
enough appropriate teaching - learning tools for the proper utilization. It is well known to all,
most of the instruments available in the market are not appropriate for the use and it has not
enough quality in the questions. Therefore “Statics - Part I, Statics - Part II”. book was
prepared by the Department of Mathematics of National Institute of Education which was to
change of the situation and to ameliorate the students for the examination. According to the
syllabus the book is prepared for the reference and valuable book for reading. Worked examples

are included which will be helpful to the teachers and the students.

I kindly request the teachers and the students to utilize this book for the mathematics subjects’ to
enhance the teaching and learning process effectively. My gratitude goes to Aus Aid project for
sponsoring and immense contribution of the internal and external resource persons from the

Department of Mathemetics for toil hard for the book of “Statics - Part I, Statics - Part I1”.
Dr. (Mrs). T. A. R. J. Gunasekara

Director General

National Institute of Education.
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Message from the Director

Mathematics holds a special place among the G.C.E. (A/L) public examination prefer to the
mathematical subject area. The footprints of the past history record that the country’s as well as

the world’s inventor’s spring from the mathematical stream.

The aim and objectives of designing the syllabus for the mathematics stream is to prepare the

students to become experts in the Mathematical, Scientific and Technological world.

From 2017 the Combined Mathematics syllabus has been revised and implemented. To make
the teaching - learning of these subjects easy, the Department of Mathemactics of National
Institute of Education has prepared Statics - Part 1 and Part 11 as the supplementary reading
books. There is no doubt that the exercises in these books will measure their achievement level
and will help the students to prepare themselves for the examination. By practicing the questions
in these books the students will get the experience of the methods of answering the questions.
Through the practice of these questions, the students will develop their talent, ability, skills and
knowledge. The teachers who are experts in the subject matter and the scholars who design the
syllabus, pooled their resources to prepare these supplementary reading books. While preparing
these books, much care has been taken that the students will be guided to focus their attention
from different angles and develop their knowledge. Besides, the books will help the students for

self-learning.

I'sincerely thank the Director General for the guidance and support extented and the resource
personnel for the immense contribution. I will deeply appreciate any feedback that will shape the

reprint of the books.

Mr. K. R. Pathmasiri
Director
Department of Mathematics
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Preface

This book is being prepared for the students of Combined Mathematics G.C.E.A/Lto get familiar
with the subject area of Statics. It is a supplementary book meant for the students to get practice
in answering the questions for self learning. The teachers and the students are kindly invited to
understand, it is not a bunch of model questions but a supplementary to encourage the students
towards self learning and to help the students who have missed any area in the subject matter to

rectify them.

The students are called upon to pay attention that after answering the questions in worked examples
by themselves, they can compare their answers with the answers given in the book. But it is not
necessary that all the steps have taken to arrive at the answers should tally with the steps mentioned

in the book’s answers given in this book are only a guide.

Statics - Part I is released in support of the revised syllabus - 2017. The book targets the
students who will sit for the GCE A/L examination — 2019 onwards. The Department of
Mathematics of National Institute of Education already released Practice Questions and
Answers book and it is being proceeded by the * Statics I”. There are other books soon be

released with the questions taken Unit wise “Questions bank” and * Statics - Part I1”.
We shall deeply appreciate your feedback that will contribute to the reprint of this book.
Mr.S.Rajendram

Project Leader

Grade 12, 13 Maths
National Institute of Education.
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1.1

1.2

1.3

1.0 Vectors

Scalar quantities

Quantities which can be entirely determined by numbers with appropriate units are called
scalar quantities.

Distance, time, mass, volume, temperature are scalar quantities.

Further, two quantities of the same kind, when added will give another quantity of the same
kind.

Examples:

Mass is 10 kg; Temperature is 27° C, Time is 20 s. Length is 2 m; Areais 5 m’, Volume is
4m’, capacityis 2 /, speed is 5 m s”'. The numerical parts of the above examples without
the units are called Scalars.

There are also quantities which cannot be described fully by magnitude (with units) alone
but which can be known fully by magnitute and direction. For example,

1)  Ashipistravelling with a speed of 15 km h™" due north.

i) A force 20 newton act on a particle vertically downwards.

Study on vectors was first focused in middle of 19th century. In the recent past “Vectors”
has become an indispensable tool, used in the mathematical calculation of engineers,
mathematician and physicists while physical and geometrical problems can be expressed
concisely, by using vectors.

Vector quantities

Quantities which can be described completly by magnitudes (with units) and directions are
called vector quantitics.

Examples:

L Displacement due north is 5 m.

ii.  Velocityis I5m s”! due south east.

. Weightis 30 N, Vertically downwards.

iv.  Force of 10 N inclined upwards 30° to the horizontal.
Vectors have both magnitude and direction.

Representation of vectors

There are two ways of representing vectors. B
Geometrical Representation /
A vector can be represented by a directed line segment AB

The length of the line segment will give the magnitude of the vector

and the arrow head on it denotes the direction. This is saidtobethe A
geometrical representation of a vector.



1.4

1.5

1.6

Example:

To denote a force of 4 N due east a straight line segment AB is drawn towards east where
AB =4 units. The direction of the force is denoted by the arrow from A to B as shown
below.

Algebraic Representation

The vector AB is denoted by a single algebraic symbol such as @ or 4. In some text
books generally it is denoted by the symbol a in dark print.

Modulus of a vector

The magnitude of a vector is known as its modulus.

The modulus of a vector AB (or a) is denote by ‘KB‘ or |a|

The modulus of a vector is always non- negative.

Equality of two vectors

If two vectors are equal in magnitude and are in the same direction they are called equal
vectors.

The two vectors AB (=a) and CD (=b) are equal if and only if

) - o S

i) AB //CD and

(1i1) AB and CD are in the same direction. / /

A C
Note : Consider the vectors AB and CD

AB=CDi.e \/TB\ _ ‘E)‘

B ¢
AB //CD 4 /

But they are not in the same direction.

Therefore AB % CD ; azb / /
A

Unit vector D

A vector with unit magnitude is called unit vector. Given a vector g, the unit vector in the

o . a .
direction of a is a] 18 denoted by 3 .



1.7 Zero vector (null vector)

A vector with zero magnitude is called zero vector. It is denoted by 0. ‘0‘ =0 and its

direction is arbitrary and is represented by a point.

1.8 Negative vector of a given vector

Given a vector AB , the vector BA is negative vector of AB and is written BA =- AB.
B B

If£=g,then ﬁ=-g / /
¥ - [5A / /

When a is a vector and A is a scalar, then Ag is the product of the vector @ and scalar A.
Here A should be considerd under three cases namely when A >0,A =0 and A <0.

B
Case 1)) A>0 A A A
Let QA =a, / B /
Take a point B on OA.

(or produced OA) such that OB = A0A
OB =10A =)a

() WhenA =0, Aais defind as the nullvector.
O<k<1
Thatisha=0a=0
i) A<O0

> |a| = |-4|

1.9 Scalar multiple of a vector

In this caseAa is a vector opposite to the direction of a with a magnitude of [A| times

OA. Choose a point B on AO produced such that OB = [A| OA. Then OB = Ara.

& ¢ i
i 4 i i



1.10 Parallel vectors
Given a vector g and ka, ka is a vector parallel to a
(1)  When k>0, the vector ka is in the direction of @

(i) Whenk <0, the vector ka is opposite in direction to that of a.

(k > 0) (k< 0)

Two vectors a and b are said to be parallel. ifh=2Aa

1.11 Vector addition

If two vectors @ and b are represented by AB and BC respectively then the vector

addtion of @ and b is represented by A c
ie. AC=AB+ BC a:t b
= ath

This is called the triangle law of vector addition. A B

Let AB =g and O = b be two vectors. i
D li tP h that PQ =AB and PQ// AB.

raw a line segment PQ such that PQ and PQ // ; a g
Draw a line segment QR such that QR = CD and QR // CD.
By definition AB= PQ =gand CD = QR =5 R
According to the triangle of law of addition a+b

D ——

ﬁzﬁj+QR=g+Q

1.12 Definition of a vector

A vector has magnitude and direction and obeys the triangle of law of addition.

1.13 Angle between two vectors

Let @ and b be two vectors.

The angle 0 between a and b is shown below.



b ; " b
i)
a a 3 4 a
/
/

a a
— o —3 =

l—)—b—o - b; .

Notethat 0<f<r

If @ and b are parallel and are in the same direction, then 0 =0.

If @ and b are parallel and are in the opposite direction, then 6 =T.
1.14 Position vector

With a fixed point O chosen as the origin, the position of any point P can be denoted by the

vector O_ﬁ .

The vector OP = ris (known as the) position vector of P with
respect to O. r

Let the position vectors of two points A and B be a and b.
OA =4 OB =b
OA + AB= OB
— b
AB = OB -0A
= b-a

1.15Laws of vector algebra o a .
Leta, b, ¢ be vectors and A, p be scalars.
(i) a+b=>b+a (Commutative Law)
() (a+b)+c=a+(b+c)(Associative Law)
(i) A(a+b)=2Aa+Ab (Distributive Law)
(iv) a+t0=ag=0+a
(V) a+t(a)=0=(a)+a
V) (A+pwa=>Xia+pa
(vi)) Ap(a) = A[pa] = p[Aa]



proof:

@) Let£=g andB_C>=Q D
Complete the parallelogram ABCD

Now DC = AB =¢

b
AB = BC ~b \
By triangle law of vector addition A a B
AC= AB+BC =a+b
AC= AD *DC=b+a
Hence a+b = b+a
(i) Let AB=g, BC =pand CD =¢ D

B ——

AD = AB*BD
= AB *(BC + CD)
= a+tbB+c) e, ®

AD = AC+CD
= (AB *BC)* CD
= (@+tbh)+tc e, @
From (1)and (2) (@ +b)+c=a+ (b+¢)
(i) A(a+b)=Aa+Ab

Let OA =4 and AB =b

3 LY
7 ad [

o) a A A o a A A
D<A« A>1

Take the point A' on OA (or OA produced)

such that OA’ =L OA = Aa
The line drawn parallel to AB through A' meet OB (or OB produed) at B'.



Now, AOAB, AOA'B' are similar triangles.

OA’ _ AB' _ OB _,

OA AB OB

AB =ALAB =1b and OB’ =ALOB ........... ©)
OB = OA’ + AB =Ag+Ab oo @
AOB =A(OA + AB)=Aa+b) oo, ®
From (i) OB’ =2OB B
Aa +ib =\a +b)
a+b
When A <0
b
A ra
(0] a A
Ab
BI

mzﬂ, TBZQ’ m—"zlg

A'B' is drawn parallel to BA and meets BO produced at B'. AB = Ab and
OB’ =Aa+1b
By the properties of similar triangles and vectors it can be easily proved that

AMa+b)=Aa+Ab whenA <0

) atO0=a=0+a

EN
[
I
+

IR
®

From(l)and 2)a+0=a=0+a



1.16 Worked examples
Example 1
ABCDETF is aregular hexagon. If AB = aand BC =b, express the vectors AC,
ﬁ, AE and AF in terms ofa, b
AC=AB + BC = a+tbh ... O]

By geometry AD =2BC; AD // BC
s AD=2BC =2b . @

AE = AD + DE F c
= b+ (-a)=2b-a . ®

By geometry BC =FE; BC // FE
AF = AE + FF = 2b-a)-b=b-4a

N

Example 2

The position vectors of A and B are a and b respectively
(i  Cisthemidpoint of AB.

(i) DisapointonABsuchthat AD:DB=1:2

(i) EisapointonABsuchthatAE:EB=2:1

Find the position vectors of C, D and E

Letﬁzg,@=Q.ThenE=@-ﬁzg-g

@ AC=CB
OC = OA + AC



(ii) AD:DB=1:2

(iii) OE = OA + AE

Il
@)
>
+
W
~
@)
i
@)
>
Ne—

[
IR
+
N
~
IS~
1
)
N

Example 3

Let -2p + 5¢q, 7p - g and p + 3¢ be the position vectors of three points A, B and C
respectively, with respect to a fixed origin O, where p and g are two non-parallel vectors.
Show that the points A, B and C are collinear and find the ratio in which C divides AB.

O—A>=-22+5_q, @=712-£L 6@=2+3g
AB = OB- OA
=(p-49)-(-2p+5¢) O
=9p - 6g
AC = OC- OA
=(pt3g)-(-2p+5¢q)
=3p-2¢4
AB =3(3p-29) ;

AC =3p-2¢ = =AB=3AC
Therefore A, B and C are collinearand AC: CB=1:2



Example 4

a, b are two non-zero and non parallel vectors and a, [ are scalars. Prove that
oa+ Bb=0 ifand onlyifa=0and  =0.

Assume that o =0 and  =0.

oag+phb=0+0=0.

Conversely

case (i)

case (ii)

Example 5

i€.

let oa+PBb= 0
: Suppose that a=0
Then 0 +fb=0
Pb =0
since b # 0 ,itfollowsthat=0
If =0,then B=0
Similarly we can show that if § =0, then a.=0

: Suppose that a.= 0

ag+Pb=0

ag = -Bb

a=_Pp (a# 0)
(04

The above equation implies thata // b
This is a contradiction

Hence =0 and from the first part f =0
oa+Bb=0 ifand onlyif a=0,B=0

OABC is aparallelogram. D is the midpoint of BC. OD and AC intersect at M. Given that
OA =4,0C =¢
() Find OD interms of gand ¢

(i) IfOM:MD=A:1,find OM in terms of @, c and A

@) IfAM:MC= pu:1, find AM in terms of @, ¢ and p and hence find OM

(iv)  Using the results obtained in (ii) and (ii1) above find the values of A and p.

C D B

10



OA=4.0C =¢;:0A=CB=4

oD = OC + CD

_ o0+ 1EE

= c+%a .................................................. O)
OM:MD=%:1, OM = 747 OD = 747 |3a+e| @
AC = OC - OA

= ¢-a

_— /’l —
AM:MC=p:1, AM =57 AC = JA7(c-a)
— = ﬂ -
OM = OA + AM at - ql-o

= ﬁg+ lLl/-f-l [
From @ and @
Since a is not parallel to ¢
TOGT) = JT v @
TAT = T ®
% gives %=ﬁ , u=2

Ifu=2, from ® ﬁ:%

rA=2
A=2=pn
ie. OM:MD = AM:MC=2:1

11



1.17

10.

I1.

Exercises

ABCDEF is areqular hexagon. AB=a, AC = bFind AD, AE , AF in terms of a,b.

ABCDEF is a regular hexagon and O is its centre. If OA =a, OB = bfind AB, BC ,
C_ﬁ, ﬁ, EF, FA interms ofa, b

ABCD is a plane quadrilatelral and O is apoint in the plane of the quadrilateral. If AQ+CO
=DO+BO, showthat ABCDis a parallelogram.

ABC is an isosceles triangle with BA = BC and D is the midpoint of AC. Show that
BA+BC =2BD.

a and b are two vectors perpendicular to each other. Using triangle of law of vector

addition show that |@+b| = |a—b|. When |a—b| =5 and |a| =3, find |B|.

a, b are two vectors. such that |g| =0,

l_7| = 6 and the angle between a and b is 60°. Find
la+b| and |a—b|.
Use vectors to prove the following questions (7,8,9).

ABC s atriangle. D and E are the midpoints of AB and AC. Prove that DE = % BCand

DE is parallel to BC.

ABCD is a quadrilateral. P, Q, R and S are the midpoints of AB, BC, CD and DA respec-
tively. Show that PQRS is a parallelogram.

ABC is a triangle. The position vectors of A, B and C are a, b, ¢ respectively. Find the
position vector of the centroid of the triangle ABC.

OABC is a parallelogram. D is the midpoint of AB. OD and AC intersects at E. QA =4,
OB =b,0E:ED=1:1,CE:EA=p: 1.

i Find OD in terms of @ and b. Hence write the vector OE interms of A, @ and b.

ii.  Findthe vector AC and write the vector OE in terms of U, @ and b.

. Using the results obtained in (i) and (ii) above find A and .

iv. ' When OD and CB produced meet at H, find OH.

Let OABC be a quadrilateral and let D and E be the midpoints of the diagonal OB and AC
respectively. Also let F be the mid-point of DE. By taking the position vectors of the points

A, B and C with respect to O be @, b and ¢ respectively, show that QF = %( a+b+c).

Let P and Q be the midpoints of the sides OA and BC respectively. Show that the points.
Show that the points P, F and Q are collinear and find the ratio PF : FQ.

12



12.

13.

Let A and B two distinct points not collinear with a point O. The position vectors of A and
B with respect to the point O is @ and b. If D is the point on AB such that BD = 2DA.

Show that the position vector of D with respect to point O is %(22 +b).

If BC = Ka (K> 1) and the points O, D and C are collinear, find the value of K and the

ratio OD : DC Express AC in terms of aandb.
Further if the line through O parallel to AC meets AB at E show that 6DE = AB.

Let ABCD is a trapezium such that DC = %E .Also let AB =p and AD — 4. The

point E lies on BC such that BE = %B_C . The point of intersection F of AE and BD

satisfies BF = ABD . where A (0 <X < 1) is a constant. Show that AF = (I-A)p+1q .
Hence find the value of A.

1.18 Cartesian vector notation

Consider the cartesian plane xoy.
Let the unit vector in the direction Ox be Z, the unit vector in the direction Oy be j, and

p E(xay)

Let OP =r
r=0p=  OM+MP= xi+yi  (OM|=0oM=x [MP/=mp=y)
|£| =0P= x2+y2 Y\

o it
Let a=aqi+a,j and é=b1£+bzl

P(xy)
Q+Q:(a11+b11)+(azl'+bzl’) |
=(a,+b)i+(a,+b)j '1
Proof E‘M -
m=a11+a21 AE(al’aZ) O —u-)?: L
OB=bi+b,j B=(b,,b,)
OACB is a parallelogram OC= OA+AC =a+b
. . . a,+b a,+b, #]
Since M is the midpoint of AB, M = T T
B

Mis themidpointof OC.  C =(a, +b,,a, +b,)

OC =(a, +b )i+ (a, + b))
Ifg=a1i+a2jandQ=bli+b2[then A
a-b=a+(h) = (aitaj)t(bi-by) | -

a-b=a+(b) =(aitai)+(bi-bj) O

= (a,-b)i+(a,-b)

13



Example 6
IfA=(2,-1)and B = (5, 3) find

i OA-> OB» AR intermsofi,j

i [OA], OB|, [AB

. theunitvectorin the direction AR
A= (2,-1), B = (Sa 3)

i) oOA= 2i-i OB =5i+3j
AB = OB-OA= (Si+3j)-Qi-J))
= 3i+4f
@ OA =2i-], OTA‘=,/22+12 =5
OB = 5i+3i. OB = [524+3% = 33
AB = 3i+ 4, AB = 32442 = 25 =5

(i) unit vector in the direction AR is
AB |
AD —1Gi+4)

1.19 Exercises

1. Leta=i-2j b =4 c =3i-j Find
L (@2a+tb(® at3c( 2a-b-¢

i (a) [2a+B (b)  la+3c| ()  [2a-b-(|
. theunit vector in the directiona+ b+ ¢

2. Giventhat A = (4,3),B = (6,6)and C = (0, 1)
(a) Write the vectors OA, OB, OC
(b) Find AB, BC, CA
o i 15,5 5

3. Oistheoriginand OA = -i+ 5] OB =2i+4jand OC =2j. Find AB, BC,

CA . Hence show that ABC is an isosceles triangle.

14



If OA = i+2j, OB =3i-jand OC = j+ 5j. Find AB and CA and hence show that
the points A, B and C are collinear.

The position vectors of the points A and B are @ and b respectively, where @ = 2i + 3j and
b= i+5].

(1)  IfRisthe midpoint of AB, find the position vector of R interms of Z, j.

(i) IF ¢=2a-b. Find the unit vector along ¢ interms of i, j

(a) Find in the form ai + bj, a vector of magnitude 10 units in the direction 3i - 4j
(b) A=(2,-5andB=(3,7)
(i) Write OA, OB and hence AB

(i) Find inthe form ai+ bj, a vector of magnitude 65 units in the diretion AB

1.20 Scalar product of two vectors

We learnt earlier the rules of vector addition and subtraction. Two types of products have
been defined.

(i)  The scalar product of two vectors.

(i) The vector product of two vectors.

The scalar product is also known as the dot product. The result of a dot products a scalar
and the result of the vector product is a vector.

Definition : Scalar Product

Let @ and b be any two non-zero vectors and & be the angle between the two vectors.

The scalar product of two vectors @ and b is dfined as @ « b= |a| |b| cosO (0< @< )

1S

IS

Properties of the scalar product

1.

a.b=>b.a (Commutative Law)
By definition, & - b= |a| |b| cos
= |p| |a| cosB

Hence a . b=b . a
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2. Ifaand b are two non - zero vectors @ « b=0. if and only if a is perpenticular to b.

a.b=0s  |a| B cos®6 = 0
o cos® = 0 (a,b = 0)
& 0 = %

3. a.a= |d | cosO = la|® also writen g’
iei= i |]cosO = Ix1x1 = 1
Qi = |l lfeos0 = 1xix1 = 1
ivi = li| [fcosT = 1x1x0 = 0

ie: i.i=j.j=landi.j=j.i=0

4. a,b,care vectors.
a.(b+c)=ab+ac (Distributive Law)
Let the angle between

aandb bea

aandc bef
aand(b+c)be 6
a.bto = lal « [b+¢| cosO
= (OA) (OC)cosH
= (OA) . (ON)
= (OA) (OM + MN)
= OA.OM + OA . MN
= OA. OB cosa + OA. BCcosf3 (MN=BL)

a.bta.c
=  OA-OBt OA- BC
Therefore a.b+c =a.b+ta.c
5. Leta=a i +a j and b=b i +b_J
1 2= 1 2=
a-b = @i+aj).(bi+b))
= ali'.(b11+b21)+a21.(b11+b21)

= ai.bi+ai.bj+aj.bi+ai.b
1— R TG A A 1- =

J

2

a1b1+a2b2(since1.L’ZZ.ZZIandL'.l:Z.L':O)

16



Example 7
a =2i - 3j and b =i - 3] Find the angle between @ and b

a.b = |a| [b| cosO

al =y2’+3° =13 Bl = Jr+3 =410
a.b = J13 * /10 cosb @
a.b = (20-3).@-3})

2i.(i-31)-3(.(i-3])
2+0-0+9=11 @

From (1) and (2) /130 cosO = 11

_11 a) 11
cos® = Ji30 97 cos W
Example 8
i If @, b are two vectors such that [a| = [b| = |a+8|,

Find the angle between @ and b.

fi. ~ Two vectors @ and b are such that @ is perpendicular to @ + b. If [p| = /2] a

Show that (2a + b) is perpendicular to b.
i jaf = o =la+y
= Ja+s”
a.a = (a+b).(a+b)(bydefinition)
o= la|*+ |8 +2a.b
- 18" = 2la] 8] coso

- B> = 2|g| |5 cos

cosez—% 9:2%
1. (ath).a =0 = a.at+a.b = 0
d’+a.b = (R ®
Qa+b).b =  2a.b+b.b
= 2a.b+?
= 207+ )y (from @)
= 2]a|* + 21a|? (since B = /24 )
= 0

Hence (2a + b) is perpenticular to b.
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Example 9

If a constant force F acting on a body moves it a distance d in the direction AB, where AB
makes an angle 0 with F , the work done by the force Fis F . d.

Ifthe point of application of a force F = 2i + 3j makes a displacement § = 5i - 3],
Find the workdone by the force F.

Workdone by F'is
= |F[.AN [

|F|.AM cos6 (AM =9d)
F.d

Workdone by F . §
(2i+3)) . (5i-3))
2x5-3x3=10-9=1Joule

18



1.21 Exercises
1. Ifa=3i+jand b=-1i+2/,Findthe angle between g and b.

2. Ifa=pi+3jand b=2i+6/ aretwo perpendcular vectors,
L find the value of p
ii.  find|a| and |3b-4|
i finda.(3b-a)

iv.  find the angle between @ and (3b - a)

3. Two vectors a and b are such that |a| = [b| = |a-B).

Find the angle between @ and b

4. If la| =3, |5 =2 and |a-b| =4,
Find () . b
(ii) |a+b]

5. Ifaand(a+ b) are perpendicular vectors to each other,

2 2
|* - lal”

Show that |a+b| 2 = 6]~ - |a

6.  Using the dot product, show that the diagonals of a rhombus are perpendicular to each
other.

7. Show thatif |@+b| = |a-b| then a . b= 0. Hence, show that if the diagonals of a

parallelogram are equal, then it is a rectangle.

8. a=1i+ NE) J where{and j have the usual meaning. b is a vector with magnitude V3

Ifthe angle between the vectors @ and b is % , Find b in he form xi + yj where x (<0) and

y are constants to be determined.

9.  ABisadiameter ofacircle and P is any point on the circumference of the circle. show that
APB is aright angle (use dot product)
10.  Using dot product, with the usual notation prove that for any triangle ABC,

b*+c2—a?

COSA = e
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2.0 System of coplanar forces acting on a particle

2.1 Introduction

Statics :

Statics is a branch of mechanics. It deals with bodies in equlibrium under the action of forces.

Force :

Force is defined as any cause which alters or tend to alter a body’s state of rest or of uniform

motion in a straight line. Unit of force is Newton and denoted by N.
A

To specify a force which acts on a particle it is important to give.

L magnitude of the force

1
1
I
|
I
1
1
|45

1. direction of the force and
. pointofits application o

Force can be represented by a directed line segment. Let a force 10 Newton (N) is acting at a
point O in the north - east direction. Then the force can be represented by the directed line
segment OA. In this diagram the length OA represents 10 units and the arrow mark gives its
direction.

Resultant force:

When a body is acted upon by a number of forces, a single force equivalent to the given forces
is called resultant force.

2.2 The parallelogram law of forces

The parallelogram law of forces is the fundamental theorem of Statics and it can be verified by
experiment.

If two forces, acting on a particle at O, be represented in magnitude and direction by the two
straight lines OA and OB respectively, then the resultant is represented in magnitude and direc-
tion by the diagonal OC of the parallelogram OACB.

B

LY

@] ’ A
[=}
Let the forces P and Q be represented by OA and OB respectively. Then the resultant R of P and
Q is represented by the diagonal OC of the parallelogram OACB.

Let the angle between P and Q be @ and the resultant R makes an angle o with P.
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By Pythagora’s theorem B
0C* =O0M’+MC?

= (OA + AM)* + MC?
R®  =(P+Qcos0)” +(Qsind)’

=P’ + 2PQ cosO + Q2 cos’0 + Q2 sin’
R®  =P>+ Q%+ 2PQ cosd

O

_ M _CM
tano = Gy T OA+AM

Qsind
~ P+Qcosb

R* = P?+Q%+2PQ cosd

Qsind
tano = PILQcosh

When6 = 90°, cosd =cos90=0; sinB=sin90=1

R = P2+Q2, and tan o = %
B c
whenQ = P
R*> = P*+P>+2P xP xcosO
i
= 2P*+2P%o0s0 =2P%(1 + cosO) q
_ 2 20 _ 4p2en2 0
= 2P°x 2cos 5 4P cos >
0 O (4 A
R = 2P cosy b
i ) 2sin9.cosf
__Psin® __sinb 2 2 — tan®
tana. = Py Pcosh = 1+cosb ~ 20052% - 2
_ 0
@72

When the two forces are equal the resultant of these two forces bisects the angle between the
forces.
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Alternate Method (Using geometry) B
WhenP=Q; OA=0B

The parallelogram OACB is thombus.

i.  OC and AB intersect at right angles.

0

ii. ~sAaoCc =  £BOC =3)
OC = 20M = ZOACOS%
R = 2P cos%

Example 1:

Forces 3P and 5P act at a point and the angle between the forces is 60°. Find the resultant.
R? =P* + Q2 + 2PQcos0
=(3P)> + (5P)*+2 x 3P x 5P . cos60°

2 2 2 2 E C
=9P~ + 25P° + 15P° = 49P
R = 7P
_ 5Psin60°
tana = 3P+5Pcos60°
_ 53
tan o 1

_1(5\/5}
o = tan 11

Example 2

The resultant of two forces 8P and 5P acting at a point is 7P. Find the angle between these two
forces.

Let Q be the angle between the forces 8P and SP.

R = P? + Q* + 2PQcosd

(7P)* = (8P)* + (5P)* + 2 x 8P x 5Pcos0
49p* = 64P* + 25P* + 80P*cos0

-40 = 80cosO

cosO = —%

0 = 120°
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Example 3 :

The resultant of two forces P and \/E P, acting at a point is at right angle to the smaller force.
Find the resultant and the angle between the two given forces.

Applying Pythagora’s theorem, c
0OC’+CB> = OB’

R*+P*= (\/EP)Z . *r

R’ =P* R =P;

Therefore OC = BC and /BQC =45° o P A
The angle between the force is 90° +45°=135°

2.3 Resolution of a force into two directions

a. Rectangular resolution of a force

We have studied that two forces acting at a point can be reduced to an equivalent single force
(resultant) using parallelogram of forces. Conversely a single force can be resolved into pair of
component in an infinite number of ways.

Let R be a force acting on a particle. It can be resolved in two perpendicular directions.
Let the force R be represeated by OC.

We have to resolve the force R, along Ox and Oy.
Let 0 be the angle R makes with Ox axis.

OMCN is arectangle. gttt |

R :
cosO = (())_1\C/[’ OM =0C cos® =RcosO |

o @
sinf = lé)/l_g, MC = OCsin® = Rsin® = ON "

Hence the resolved components of R along Ox and Oy are Rcos0 and Rsin6 respectively.

) Rsin@ Rcosé@

] Rsiné@

Rcos@ Rsiné
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b. Oblique Resolution

Let R be the given force and let OA and OB be the given directions along which the force R is
to be resolved. B

R is represented by OC.
Through C, draw lines CM and CL parallel to OA
and OB respectively. Now, OLCM is a parallelogram

c
Hence OL and OM are the resolved components of R 5
along OA and OB respectively.
[ )’
Let COA = o and COB = a -
Using sine law in the triangle OLC. o L A

OL _ _IC __oc
sinOCL  sinCOL  sinOLC

oL IC _ R
sinf  sina  sin[180— (o +) ]

oL _ 1¢c_ __R
sinf ~ sing  sin(a+P)
_Rsinp _ _Rsing
OL = Sin@+p)° LC = Sin(a+P)

Rsinf3 Rsina .
Hence the resolved components along OA, OB are sin(atp)* sin(a+B) respectively.

Example 4

'Y Ay Ay Ay

10N
6N
30° 45° o 1 - 1
o I a T N
(a) (b) (c) (d)
@ —> X = 6cos60” =6x3 =3N
A Y = 6sin60 =6x§ ~ 343N



1

b)) « X = 10sin30, =10x7%5 =5N
A Y = 10cos30 =10 x §=5~/§N
1
) « X = 5\/500545—5\/_ \/—:
1
J Y = Sﬁsm45 —SJ_ T=
_ [
d - X = 5cos75 = 5 22 N
] ﬁ+1
I Y = 5sin75 = 5 —2ﬁ N

2.4 Resultant of a system of coplanar forces

Let Ox and Oy be two perpendicular axes.
In the plane of xoy, a system of forces act at O.

LetP ,P_,P
203

Py

........

Pn be a coplanar system of

forces acting at O and the forces Pl, P2P3, Pn

makes angles 0,0, 0,

direction of Ox axis.

o with the positive

acting at a point

A Y

IrJ'J

Py

k2

(¥

Y

0 1
. .!'),1
Resolving along Ox, '
- X = P cosa. + P_cosa + P _cosa, + ........... + P cosa
1 1 2 2 3 3 n
= ino. +P_sino._ + P _sina + +P si
™Y Plsmoc1 stlnoc2 P3smou3 ........... Pnsma
If R s the resultant, then
R = Jx*+y? R
Y 1
tano. = %

«
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Example S

For each of the following sets of forces acting at O, find the resultant.

L Y

60° 30° x

Ox and Oy are perpendicular to each other AB and CD are perpendicular to each other

(a) Resolving along Ox,

X =2./3 c0s30 - 6c0s60 - 2 + 3v/2 cos45

= 3-3-2+3=1
Resolving along Oy, _
Y =3+ 2v35in30 + 6sin60 - 3v2 sind5 43 &
= 3+43+3V3.3=43
R? = X +Y = (43)2+ 17 =49 ¢
R = 7N, tana = 4\/5 1

(b) Resolving along BA

X = /3 +4sin60 - 6c0s30
= 3+2V3 .33 =g
Resolving along DC
Y = 5-4¢co0s60+ 6sin30
= 5-243 =6

Hence the resultant is 6N along DC
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Example 6

ABCDEF is a regular hexagon. Forces of magnitudes 2, 4./3,8, 2./3 and 4 newtons actat A
in the directions AB, AC, AD, AE and AF respectively. Find the resultant.

BAE =9(0°

Take AB and AE are x and y axis respectively.
Resolving along AB

X =2+ 44/3 c0s30 + 8cos60 - 4cos60
=2+6+4-2 =10 F

Y =443 sin30 + 8sin60 + 2v/3 +4sin60

“2V3 + 43 + 243 + 243 = 1043

R’ =X2+Y2=102+(10\/§)Z
R
= 400 10vV3 4
R = 20N
tano. = %= \/5; o = 60°
10

Hence the resultant is 20N and act along AD.
2.5 Equilibrium of coplanar forces acting at a point
Let Ox and Oy be two perpendicular axes. In the plane of xOy, a system of forces act at O.

Ay
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Let Pl, Pz’ P3 ..... Pn be a set of coplanar forces acting at O and the forces Pl, Pz, P3, Pn

make angles Oy 0L,y Oy s o with the positive direction of Ox axis.
Resolving along Ox axis
- X = P cosa, + P _cosa_ + ........... + P cosa
1 1 2 2 n n
TY = Plsmoc1 + stlnoc2 toe + Pnsmocn
R = X+Y°
Since the particle is an equilibrium, the resultant force R =0.
R=0 = X=0, Y=0 (since X*> 0, Y > 0)

* It is necessary that the resolved components of the forces acting on the particle, in two
differnt direction must be zero.

Example 7

ABCDEF is aregular hexagon. Forces of magni
CA, AD, AE and FA respectively. Find Pand Q1

Resolvingalong AB
X = 2 - Pcos30 + 5c0s60 + 3cos60

_ J3P .5, 3 c
= 2-5-t9 T3

— 6 _ ‘\/gP 3 30 300300
60° 30°

Y = Q-Psin30+ 5sin60 - 3sin60

P
Q-5 +43
Since the system of forces is in equilibrium
X=0, Y=0

N

_ PJ3 _ .. _12
X=0 = 6-FB =0 P=7 AN

Y=0 = Q-L+ 43 0

Q-2/3+3 =0
Q = 3N
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2.6 Three coplanar forces acting on a particle

1. Triangle of forces
If three forces, acting on a particle, can be represented in magnitude and direction by the sides
of atriangle taken in order the forces will be in equilibrium.

Let L, M, N be three forces acting at O and represented by BC, CA, AB respectively (in
magnitude and direction) taken in order of a triangle ABC, then L, M, N are in equilibrium.

Complete the parallelogram BCAD.

BD=CA, BD || CA

BD represents M in magnitude and direction.

Using parallelogram law of forces, the resultant R of L and M is represented by BA .

ie:  BA=Nanddirection of R is opposite to N.
Since R =N and opposite in direction and act at O
Hence L, M, N are in equilibrium.

OR
Using vectors BC + CA = BA
(ﬁf+ﬁ)+@ — BA+AB = 0

The vector sum of three forces is O. Since all three forces act at a point, they are in equilibrium.

2. Converse of triangle of forces

Ifthree forces acting at a particle are in equilibrium. then they can be represented in magnitude
and direction by the three sides of a triangle taken in order. D

Let L, M and N be three forces acting at a particle .
and they are in equilibrium. A .
Let the three forces L, M, N acting at O s

are represented by OA, OB, OC

(in magnitude and direction) respectively.

30



Complete the parallelogram OADB. Using parallelogram
law of forces the resultant R of L and M is represented by OD. Since L, M and N are in
equilibrium, R and N are in equilibrium.
Therefore R =N and they are opposite in direction.

Hence in the triangle OAD, L is represented by OA, M is represented by AD and N is
represented by DO

AOAD

L — OA
M — AD
N — DO

3. Lami’s Theorem
If three forces acting at a particle are in equilibrium, each force is proportional to the sine of the
angle between the other two.
IfL, M, N are in equilibrium

L _ M _ N
sin/BOC ~— sinZCOA =~ sinZAOB

This theorem could be easily proved

Using sine rule for a triangle.

From the triangle of forces L, M, N can be represented e =
by the sides of the triangle AOD.In the triangle AOD, J#
OA_ __AD ___DO
sinODA ~ sinDOA ~ sinOAD ot
L M N ° L ’
sinBOC  sinCOA  sinAOB N
4. Polygon of forces c

If any number of forces acting on a particle, can be represented in magnitude and direction by the
sides of a polygon taken in order, the forces will be in equilibrium.

B P A

1

Let the forces P1’ Pz, P3, ........ Pn act at a particle O and represented by the sides BAI, AlAz’
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AA . A A ,A BofapolyggonBA A A ............ A
n-1 n° n 1 2 3

Then the forces are in equilibrium.
BA:1+AA, = BA \ B
BA1+AA, + A,A,=BA: + A,A, =BA,
By vector addition,

BA1+AA, + AA F i, A

Tension of a string

A ligt string means that the weight of the string is negligible in comparison with the other weights
in the given problem. The force which a string exerts on a body is called the tension and it acts

l . |
» <

l T Tension T |

along the string.

In a light string, the tension in the string is approximately the same throughout its length. If the
string is heavy, the tension in the string varies from point to point.

Smooth surfaces

The only force acting between smooth bodies is normal reaction. This normal reaction is perpen-

dicular to their common surface. N
o 2

1.e, When there is a contact between smooth bodies,

the normal reaction is perpendicular to the direction

smodthwall

which the body is capable of moving. R,

The force between a rod and smooth floor is R1’

perpendicular to floor. The force between a rod and sl floa
smooth wall is R, perpendicular to wall. R R are called
normal reactions.

S
When a rod rests against asmooth peg

the reaction S is normal to the rod. %
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2.7 Worked examples

Example 8

Aparticle of weight W is attached to one end B of a light string AB and hangs from a fixed point
A. Ahorizontal force P is applied to the particle at B and rests in equilibrium with the string
inclined at an angle o to the vertical. Find the tension in the string and the value of P in terms of W

and a. A

Method I

Forces acting on the particle.

L Weight W, vertically downwards
1. Force P, horizontally

.  Tension T, along the string

For equilibrium of the particle,

Resolving vertically,

T Tecosa-W=0 = T = %
Resolving horizontally,

— P-Tsina =0 = P = Tsina=Wtana

Method II (Triangle of forces)

Three forces T, W, P act on the particle and the particle is in eqilibrium.

Consider the triangle BAC. A

T canberepresented by BA; T — BA

W can be represented by AC; W —> AC

P
P can be represented by CB; P — CB c -
|
Ir_ w _ P !
BA AC CB I
W
T _ W - BA _ w
BA  AC T= W><AC ~ ‘cosa
w _ P, _wxCB _
AC = CB P =Wxic = Weana

Method III (Lamis’ Theorem)

T W _ p
sin90 ~ sin(90+a) ~ sin(180—a)

1 cosa sina
_ \W _
T = CoSa > P =W tana
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Example 9

A particle of weight W is attached to the ends O of two light strings OA and OB, each of length
50 cm, 120 cm respectively. The other ends A and B are attached to two points at the same level
and the distance between A and B is 130 cm. Find the tensions in the string.

OA%+ OB’ =50>+ 120 = 130 =AB> . .
Therefore AOB=90°

If /AOB=a,cos o= %, sino, = %

Forces acting at O

L Weight W, vertically downwards
ii. ~ Tension T1 ,along the string OA

.  Tension Tz’ along the string OB

Method 1

For equilibrium of the particle.
Resolving horizontally
Tzcos(90 -Q) - Tlcosoc =0
Tzsinoc - Tlcosoc =0
12T2 -5T = 0 e O]
Resolving vertically,
Tzsin(90 -a)+ Tlsinoc -W =0
Tzcosoc + Tlsinoc -W =0

5T2+ 12T1 = 13W . @

From (1) and (2), T1 = S

Method II (Triangle of forces)
AC is vertical. BO is produced to C.

consider the triangle OAC

TlﬁOA
W— AC

Tzﬁ CcO
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Method I1I (Lamis Theorem)
T T, T

_ _ 2
00 sin(180-0) —  sin(901a)
E — Tl — T2
1 sino.  cosa

_ : _ 12w
T1 = Wsina 3

= - W
T, = Wcosa = 1
Example 10

A particle of weight W is placed on a smooth plane inclined at an angle a to the horizontal. Find
the magnitude of the force

1. acting along the plane upwards,
.  actinghorizontally
to keep the particle in equilibrium

1.  Forces acting on the particle are,

L weight W, vertically dowards

.  Normal reaction R, perpendicular to the plane

.  Force P along the plane

Method I
For equilibrium of the particle, *

Resolving along the plane,

/' P-Wsina=0; P=Wsina
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Resolving perpendicular to the plane,
MR-Wcosaa =0
R = Wcosa

Method II (Triangle of forces)
Consider the triangle ABC,

W —AB
R — = BC

P —— CA

W _ R _ P
AB BC CA
R = W.% = Wcosa
P = W.% = Wsina

(). Forces acting on the particle
1. Weight W, vertically downwards
1. Normal reaction S, perpendicular to the plane

iii. Horizontal force Q

Method 1

For equilibrium of the particle

resolving along the plane

O  Qcoso-Wsinaa = 0
M Q = Wtana
S - Wcosa - Qsina. = 0

S = Wecosa + Qsina

< 2
= Weoso, + Wsina _ W

cos’a+sin’a
cosol

coSsa ] = Wseca
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Method II (Triangle of forces)

Consider the triangle LMN

1) WeightW —— LM N ? L

i)  Normal reaction S — MN

iii) Horizontal forceQ —> NL S a" w
W S _Q

LM MN NL

M
NL
Q ™ - Wtana,
MN
—Ww__—" _ \\Y _
S WLM covg = Wseca

Example I1
A particle of weight W is supported by two strings attached to it. If rhe direction of one string be

ata(0<a< %) to the vertical, find the direction of the other string in order that its tension be

minimum. Inthis case, find the tensions is both strings.

Forces acting on the particle are

1) Weight of the particle W, vertically downwards,

i1) Tension T1 in the string at an angle o with the vertical
iii)Tension T2 in the other string T2 should be minimum a6

For the equilibrium of the particle, three forces act on it. £ T,

This could be done easily using triangle of forces.

Firstly we have to draw AB vertically downwards to represent W.
Then draw a line BL at an angle o with the vertical to represent the
direction of Tl. For T2 to be minimum, draw AC perpendicular to BL. ' W
Now T2 is represented by CA in magnitude and direction.

W —AB
Tl—/BC

T2 ——CA

T = Wcosa
T = Wsina
The direction of the second string (Tz) is perpendicular to the first string.
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Method 11

For equilibrium of the particle,

applying Lamis theorem

w T T.
- I _ 2
sin(a+6) ~ sin(180-6) ~ sin(180-c)

W sin @ W sin

l_sin(05+9) 2_sin(05+(9)

ForT to be minimum sin(a+0) should be

equalto 1.[1.e, sin(a+0) should be maximum]

There fore (a+0) = %

T=  Wsind= Wsin[%—a] = Wecosa
T2= Wsina
The direction of T2 is perpendicular to T1

Example 12

The ends A and D of a hight inextensible string ABCD are tied to two fixed points in the same
horizonal line. Weights W and 3W are attached to the strings at B and C respectively. AB and
CD are inclined to the vertical at angles 60° and 30° respectively. Show that BC is horizontal and
find the tensions in the portions AB, BC and CD of the string.

Let BC be at an angle o with the horizontal.

For equilibrium of B, )
applying Lamis theorem
L L W
sin120  sin(90-a) — sin(150+a)
T = T, — L
sin60 cosa  Sin(30—a) e
For equilibrium of C,

T, _ L B 3W
sin150 sin(90+a) — sin(120-a)
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T, T, 3W

sin30 = ﬁ = m ................ (2)
From (1) and (2),
_ _Wsin60 _ 3Wsin30
T2 — sin(30-a) T sin(60+a)

sin60.sin(60 + o) =3sin30.sin(30 - av)
ﬁ{ﬁcoscﬁlsina:l — i{lcosm—ﬁsinm}

2|2 2 - 2)2 2
J3cosat+sino = /3 coso - 3sina
4sinoo. = 0; sino=0; o= 0

Hence BC is horizontal

From (1) T = 590 A

Form (1) T, -  Wsin6d - AW
Form (2) T, = 2% =23
Example 13

(@ Fores K =4i+2/, F,=2i-5j and F, =—i+ j actatapoint. Find the magnitute
and direction of the resultant of three forces.

(b)  The coordinates of three points A, B and C are A(2,3), B(5,7) and C(-3,15)

L Find the vectors AB and AC in terms of i, J

ii.  Fores E and E of magnitudes 20 N and 65 N respectively act at the point A, along
AB and AC respectively. Find the magnitude and direction of the resultant.

(unit vectors along the coordinate axes Ox and Oy are i and J respectively.)

@ R =F +F +F A
=(4i+2))+@2i-5))+(=L+)) T
J
=5i—-2j 5
Rl =5"+22 =29 ,d “
R
tano =%,a=tan’l(%)

y
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b)) A=(23), B=5,7), C=(3,15)

OA=2i+3j, OB=5i+7j,

. C(-3,19)
OC=-3i +15] jT

o

AB = OB - OA
=(5i+7))-(2i+3))
:31+4l

AC = 0OC - OA
=(=31+15/)—(2i+3))

=5i+12j

Unit vector along AB is %(3£'+ 4j )
Unit vector along AC is %(‘ Si+ 121 )
1
=12i +16,
F, =653 (-5i+12))

2

=25 +60,

Resultant R = El + Ez
=(121+16/)+(-25L+3))

1 . .
F  =20x¢ (3i+4)) )
5 J j T +

A

A(2,3)

B(5.7)

=—13i +76 I

Rl = |132+76
|

76

A(2,3)

0= tan’ (?—6) 0
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2.8 Exercises

1. TwoforcesPand Q act on apoint at an angle 0. The resultant is R and a is the angle
between R and P.
a) P=6,Q=8,0=90° find R and o
b) P=10,Q=8,0=060° find R and o
) P=150Q=15/2,6=135° find R and o
d P=8R=7,0=120°% find Qand
e) P=7,R=1506=60° find Q and o

2. The forces F and 2F act on a particle. The resultant is perpendicular to F. Find the angle
between the forces.

3. The forces P and 2P. Newton act on a particle. If the first be doubled and second be

increased by 10 newtons, the direction of the new resultant is unchanged. Find the value
of P.

4.  Two forces Pand Q act on a particle at an angle 6. When 0 is 60°, the resultant is 4/57 N and
when 0 is 90° the resultant is 5,/2 N . Find P and Q.

5. Ifthe resultant of two equal forces inclined at angle 20 is twice the magnitude of the
resultant when they at an angle 2a.,, show that cos = 2cosa.

6.  Two forces P and Q act at an angle 0. The resultant is equal to P in magnitude. When P is

doubled the new resultant also equals to P in magnitude. Find Q in terms of P and the value
of .

7.  Theforces P, P, \/3 P acton aparticle and keep it in equilibrium. Find the angle between
them.

8.  Theresultant of two forces Pand Q is /3 Q and makes an angle 30° with P. Show that
P=QorP=2Q.

9.  ABCDisasquare. Forces P, 2./2 P, 2P actat A along AB, AC, AD respectively. Find
the resultant.
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10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

ABCD is arectangle. AB =3m, BC =5 m. Forces 6, 10, 12 newton act at A along AB,
AC, AD respectively. Find the resultant.

ABCDEF is aregular hexagon. Forces 243 , 4, 8/3 ,2and V3 newton act at B along
BC, BD, EB, BF and AB respectively in the directions indicated by the order of the letters.
Find the resultant.

ABCD is a square. E and F are the midpoints of BC and CD respectively. Forces 5,
2.5, 542, 445, 1 newton act at A along AB, AE, CA, AF, AB respectively in the
directions indicated by the order of the letters. Find the resultant.

ABCD is a square of 4 cm. The point E, F, G, H and J lie on the sides AB, BC, CD, DA
respectively such that AE =BF =CG=HD=DJ =1 cm. (Note that G and H lie on CD

and CG =1 cm, GH = 2 cm). Forces of magnitudes 10, 3@, 24/5, 10, \/E, 5
newton act at the point E in the directions EB, EF, EG, EH, EJ, EArespectively. Find the
resultant of these forces.

ABC is an equilateral triangle and G is its centroid. Forces 10, 10 and 20 newton act at G
along GA, GB and GC respectively. Find the nagnitude and direction of their resultant.

A particle of weight 50 N is suspended by two light string of lengths 60 cm and 80 cm from
two point at the same level and 100 cm apart. Find the tensions in the strings.

A particle of weight 100 N is placed on a smooth plane inclined at 60 to the horizontal.
What force applied

(@) parallel to the surface of the plane
(b) horizontally
will keep the particle at rest?

Aparticle of weight 30 N is suspended from two points A, B 60 cm apart and in the same
horizontal line, by the strings of length 35 cm and 50 cm. Find the tension in each string.

Astring of length 120 cm is attached to two points A and B at the same level at a distance
of 60 cm apart. Aring of 50 N can slide freely along the string, is acted on by a horizonal
force. F which holds it in equilibrium vertically below B. Find the tension in the string and
the magnitude of F.

A string is tied to two points at the same level, and a smooth ring of weight W N can slide
feely along the string is pulled by a horizontal force F N. In the equilibrium position, the
portions of the strings at an angle 60° and 30° to the vertical. Find the value of F and
tensions in the strings.
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20.

21.

Ox, Oy are perpendicular axes and the unit vectors in the directions of Ox and Oy are i

and J respectively.

a) Forces E =3i+5j,F,=-2i+j,F =3i-jactonaparticle. Find the magni-
tude and direction of the resultant of El , E2 and E3'

b)  ForcesR, = (2PL'—P1),R2 = (—4L'+3Pi') and R, = (ZQL'—Si') acton a particle

and it is in equilibrium. Find the values of P and Q.

¢)  The coordinate of two points A and B are (3, 4) and (-1, 1) respectively. 2, 3, 5,
6+/2 newtons actat O, along Ox, Oy, OA, OB respectively. Express each force in

the form Xi + YZ and hence calculate the magnitude and direction of the resultant
of the four forces.

The unit vectors along rectangular cartesion axes Ox, Oy are i, J respectively. Two

forces P and Q acting on a particle are parallel to the vectors 4. +3/ and —3i -4/

respectively. The resultant of the two forces is a force of magnitude 7N acting in the
direction of vector i . Calculate the magnitudes of P and Q.
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3.0 Parallel Forces, Moments, Couples

3.1 Parallel Forces

In chapter two we have shown how to find the resultant of forces which act at a point. Now in
this chapter we shall consider the action of parallel forces and the way to find their resultant.
Two types of parallel forces:

i.  Like parallel forces
Two parallel forces are said to be like parallel forces when they act in the same direction
(sense)

ii. Unlike parallel forces

When two parallel forces act in the opposite parallel direction, they are said to be unlike.

Since parallel forces do not meet at a point their resultant cannot be obtained by direct
application of paralleogram forces.

Resultant of two like parallel forces

Consider two like parallel forces P and Q acting at points A and B represented by lines AC and
BD respectively.

At A and B introduce two equal and opposite forces F acting along the line AB as ahown
represented by AE and BG. These equal and opposite forces balance each other and have no
effecton P and Q.
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Complete the parallelograms AEHC and BDKG and produce the diagonals HA, KB to meet
at O.

Draw OL parallel to AC (or BD) to meet AB at L.

The resultant of Pand F at A, represented by AH and the resultant of Q and F at B, represented
by BK may be supposed to act at O along OAH and OBK respectively.

These resultant forces may be resolved at O. The components are P along OL, F parallel to AE
and Q along OL and F parallel to BG. Equal and opposite forces F at O balance each other.
Hence the resultant of original forces P and Q is a forces (P + Q) parallel to original direction
along OL.

Finding the position of L. The triangles OLA, ACH are simillar.

oL_4c_»p °
TA CH | e
and also the triangles OLB, BDK are similar.
oL_Bp_0 o
TB DR e
From ® and @ ,OL xF=PxLA=Q xLB A L B
L4 _¢Q
LB P !

R Q

ie. The point L divides AB internally in the ratio of the forces.
P.AL = Q.BLandtheresultant R=P+Q
Note : When P =Q, resultant R bisects AB.

Case (ii)

Resultant of two unlike forces

Consider two unlike parallel forces Pand Q (P> Q) acting at points A and B represented by AC
and BD respectively.

AtA and B introduce two equal and opposite forces F, acting along the line AB represented by
AE and BG They balance each other and have no effect on P and Q. Complete the parallelo-
grams AEHC, BGKD and produce the diagond AH, KB to meet at O. (They always meet at a
point unless they are equal in magnitude, P =Q).

Draw OL parallel to CA (or BD) to meet BA produced at L.
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The resultant of forces P and F at A, represented by AH and the resultant of forces Q and F at B,
represented by BK may be supposed to act at O along AO and OB espectively. These resultant
forces may be resolved at O. The components are P along LO, F parallel to AE and Q along OL,
F parallel to BG. Equal and opposite forces at F balance each other. Hence the resultant of
original forces P and Q is a single force (P - Q) acting along LO parallel to P in the direction of P.

The position of point L
by construction triangles OLA and HEA are similar

oL_HE_P o
A FEAF e
and also the triangles OLB, BDK are similar.
OL Q
1B F e @
F ® and @ 4_9
rom @ an B P

ie The point L divides AB externally in the inverse ratio of the forces
Note:

When P =Q, the triangles AEH and BGK are concruent so that diagonals AH and KB being
parallel and will not meet at point O. Hence the construction fails, lead to the conclution no single
force is equivalent to two equal unlike parallel forces. Such a pair of forces consitutes a couple
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P>Q Q>P 0

R=Q-P

P
P.AM =QBM

R=P-Q P.AL=Q.BL

will be discussed latter.

To find the resultant of any number of parallel forces.
@) If the forces are like parallel.

The resultant force can be obtained by the repeated application of finding the resultant of two like
forces till all the forces have been taken.

The resultant will be the sum of all the forces and its direction is same as the direction of given
forces if the forces are unlike.

@) If the forces are unlike paralls.

Divide the forces into two sets of like forces and find their resultant forces as mentioned above.
Then find the resultant of a pair of unlike parallel forces as given below.

a) Iftheyare unequal, the resultant force is a single force with algebraic sum of the given
forces as its magnitute.

b) (1) Iftheyare equal and the line of action are coincident, no resultant force and all the
given forces are in equilibrium.

(i) Iftheyare equal and line of action are not coincident they form a couple.

3.2 Worked examples

Example 1

1)  Like parallel forces of 8 and 12 N act at points A

and B where AB=15cm R

a.  Findthe magnitude of resultant and the point where
the resultant cuts AB.

b.  When these forces are unlike find the resultant and * e
the position of the line of action.
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(a) R=P+Q=8+12=20N
8.AC=12.BC
8x = 12(15-x)
20x=12x 15
AB=9cm

(b) R=12-8=4N : R
12x = (15+x)8

4x =15x%x 8§ A 15em B T c

x=30cm

2)  Inthe following examples A and B are the points where parallel forces P, Q acts and C be
the point that the resultant R meets AB.

i P and Q are like parallel forces, P=8 N,R=17N,AC=9 cm

find Qand AB
1. P, Q are unlike forces P=6N AC=18 cm,CB=16 cm
find Qand R
P+Q = 17
Q = 17-8
8N R = 9N
Q
AC:CB= 9:8
A Yemn o B
6x18=Qx 16
7
Q=7
R=Q-P -
6N 0 R
R=2\-6
4
Q3
T4 A 2em B 16¢em c
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3)  Fourequal like parallel forces act at the verices of a square show that the resultant passes
through the centre of the square

Let the forces are PN.
Resultant of P at A and P at B is a like parallel force 2P at E when E is the midpoint of AB.

and resultant of P at C and P at D is also a like parallel
force of magnitute 2P N acting at F. where F is the mid-

, ° : . F point of CD.

! Now resultant of two like parallel forces of 2P and 4P
acting through the midpoint of EF which coincides with
the centre of the square

P 0 ,; B

p

Therefore resultant passes through the centre of the square.

4)  PandQ are like parallel forces. If Q in moved parallel to itself through a distance x prove
that the resultant of P and Q moves through a distance

Let R be the resultant of forces P and Q acting at A and B and pass through the point C in

AB
Then ;
/
4c_o K ,
CB P / /
R 4 /
ac__o ] : )
AB P+Q / Q IQ
/ /
ac=|_2 B / !
P+Q /, !’

Now Q moved a distance x then the resultant act at C' isAB

then

AC' Y

C'B P

AC = (LJAB/ =( 9 j(AB+x)
P+0 P+0
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Distance moved by the resultant

CC' =AC' - AC

cr”:( 9 ﬁAC+x—AC]
P+Q

CC:( Q jx
P+Q

5)  Two like parallel forces P and Q act on a rigidbody at A and B respectively. If P and Q
interchanged show that the point of the resultant cuts AB will move through a distance.AB

P-0
i i AB
will move through a distance ( P+0 ]

R
A C B A c! B
AC_9Q
B P
AC:( 0 jAB
P+Q
AC' P
C'B 0
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6)  Likeparallel forces P, Q, R act at the verhicles of a triangle ABC. Show that if the resultant
passes through the orthocentre of the triangle.

P:Q:R=tanA:tanB:tanC

O be the orthocentre of the triangle
Given that the resultant passes through O.
Resultant of P and Q should pass through D, where CD | AB

AD _2_ CDcot 4
DB P CDcotB
2_ AN B e eaas (1)

P tand

similarly resultant of Q and R should pass through E. Where AE | BC

E_E_AEcotB_tanC
EC QO AEcotC  tan B wwwrmmssssse (2)

(1),(2) = P:Q:R=tanA4:tanB:tanC
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3.3 Exercises

1.  Like parallel forces of magnitude 2, 5, 3 N act at the vertices A, B, C of a triangle ABC
respectively. Where AB=4 cm, BC=3cmand AC=5cm

Find 1) Magnitude of the resultant

i)  The position of the line action of the resultant

2. Like parallel forces of magnitude P, P, 2P act at the verticles A, B, C of a triangle ABC.
Show that the resultant passes through the midpoint of the line joining C to the midpoint of
AB.

3.  fourequal like parallel forces act at the verticles of a square show that their resultant
passes the centre of the square.

4. Three like parallel forces P, Q, R act at the verticles ABC of a triangle ABC. If the resultant
passes through the incentre of the triangle prove that

P _Q_R
BC AC 4B

5. Four forces are represented by 4B,2BC,3CD and 4DA - Where ABCD is a square.
Show that their resultant is represented in magnitude and direction by .

6.  Two unlike parallel forces P and Q (P> Q) act at A and B respectionly. If P and Q are

S.AB

P-0

7. Three like parallel forces P, Q and R act at the verticles A, B, C of a triangle ABC. If the
resultant passes through

(1)  The centroid show that P=Q =R

increasted by S. Show that the resultant will move by a distance .

0 R
sin24 sin2B sin2C

()  The circumcentre show that

8.  Three parallel forces of magnitudes P, 2P, 3P act through the points A, B, C respectively
on a stranght line OABC where OA=a, AB =b and BC =c. Show that the resultant act

6a+5b+3c

through the point D in OABC where OD = >
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3.4 Moments

Forces acting on a rigidbody may tend to rotate the body, if one point of the body is fixed. The
tendency of the force to turn the body introduces the idea of moment of a force about a point.

If a single force acts on a rigidbody which one point is fixed the force will tend to turn the body
if the line of action of the force does not pass through that point.

Def:

The moment of a force about a given point is the product of the force and the perpendicular
distance from the point to the line of action of the force.

Note :

When the line of action passes through the point O the moment about that point O is zero.

O is a fixed point on the body ON is the perpendicular drawn from O to the line of action of the
force P. Then the moment of force P about O is P x ON and it tends to turn the body in the
anticlockwise sense.

moment aboutOis= PXxXONm

The ST unit of moment is Newton metre, Nm, moments are positive or negative accroding the
tend of anticlockwise or clockwise rotation about the point.

When a certain number of forces acting on a body the algebraic sum of their moments is obtained
by adding the moments of each force about that point with its sign.

The moment of a force is a vector quantity as it has magnitude and direction (sense)

Graptical representation of moment

Suppose the force P is represented by line segment AB in magnitude and direction. Let O be a
point about which moment to be taken. ON is the perpendicular from O to AB, then the moment
of force P about O is P x ON m=AB x ON

1
But area of triangle OAB = B AB x BN
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Hence twice the area of the triangle AOB, whose base represents the force and vertex is the
point about which moment to be taken is numerically equal to the moment of the force about that
point. Hence P. ON = 2AOAB

Note:

The graphical representation is used to prove some fundamental theorems about moment.

Varignon’s Theorem

The algebraic sum of moments of any two coplaner forces about any point in their plane is equal
to the moment of their resultant about the same point. We have two cases to consider

(1)  forces are non parallel
(i) forces are parallel

case (i) When the forus are non parallel.

Proof : When forces meet at a point. Let P and Q be the forces acting at A and O be the point in
their plane and the moment is to be taken about O. Draw OC parallel to the direction of P to
meet the line of action of Q at C.

Let AC represents Q in magnitude and on the same scale AB to represent force P.
Complete the parallelogram ABCD. Join OA and OB. AD represents the resultant R of P and Q.
O have two passibilities as shown above
In both, momentof PaboutOism 2AOAB
moment of Q about O is m 2AOAD
and moment of R about Ois 2AO0OAC
In figure (1) sum of the moments of Pand Qis =2A0AB +2A0AD m
2AABC +2A0AD
2AACD +2A0AD m
=2A0ACm

= moment of R about Om
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In figure (i1)

sum of themoments of P and Q is =AOAB - 2AAOD m
= 2AADC -2AAODm
=  2AAOCm

=moment of R about O

case (ii) When the forces are parallel

(1) (ii)

Let P and Q be two like parallel forces acting and O be any point in their plane as shown above

Draw OAB perpendicular to the forces to meet their lines of action at A and B.

LetR bethe resultant of Pand Q and acts through C, where OC is perpendicular to RandAC:CB=Q:P

In figure (i) sum of the moments of P and Q about O=P x OA+Q x OB o
=P(OC-AC)+Q(OC+CB)o
=(P+QOC-PxAC+QxCBo
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Since 4c¢ = 9
CB P
PxAC=0xCB
sum of the moments = (P+Q)x0OC o
= moment of R about O.
In figure (i1) sum ofthe moments of Pand Qis = P X OAm+ Q x OBo
= P xOA-QxOBm
= P(OC+CA)-Q(CB-0C)
= (P+Q)OC+P xAC-QxCB

= (P+Q)OCm
= moment of R about O.
(@)
C A
B
| P Q
R

When forces are unlike and parallel
Let P, Q be unlike parallel forces and P> Q
then R= P-Q

sum of the moment about O
=P xOA-QxOB
=P(OC + CA) - Q(OC + CB)
=(P-Q)OC+P xAC-QxCB
=P-Q)0OCo

= moment of R about O.

Note : The algebraic sum of moments about any point in the line of action of their resultant is
Zero.
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Generalised Theorem

This is known as principle of moments. If any number of coplaner forces acting on a rigidbody
has a resultant, the algebraic sum of moments of the forces about any point in their plane is equal
to the moment of their resultant about that point.

If'a system of coplaner forces is in equilibirium their resultant is zero and its moment about any
point in their plane must be zero.

If a system of coplaner forces is in equilibirium then the algebraic sum of their moment about any
point in their plane is zero.

The convence, is not true.

If the sum of moments of a system of a coplanar forces about one point in their plane is
zero does not mean the system of forces is in equilibrium, for the point may lie on the line
of action of the result.

3.5 Worked examples

Example 7

Forces of4, 5, 6N act along the sides BC, CA and AB of an equilateral triangle ABC of side 2
m in the direction indicated by the order of letters. Find the sum of their moments about the
centroid of the triangle.

Let Gbethe centroid AD =2sin60

Example 8

The side of a square ABCD is 24m. Forces of 4, 3, 2 and 5N act along CB, BA, DA and DB
respectively as indicated by the order of lettes. Find the sum of their moments about

(1) vertex C  (ii)) The centre of the square O D C
CO = 4cosds = 5 = 23 2N
J2 T 242 //O
Sum of moments about CIn =2 x4 - 3 x4+5x 242 m A 3 B
= (1042 -4)Nm
Sum of moments aboutO O = 4x24+43%x2-2%x20
= 10 Nm O
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Example 9

A lightrof of 72 cm has equal weights attached to it, one at 18 cm from one end and other at 30
cm from other end. The rod is suspended in a horizontal position by two vertical strings attached
to the ends of the rod. If the strings can just support a tension of 50 N find the magnitude of the
greatest weight that can be placed.

b T T, )

18cm 30em,
«—> «—>
A l l B
W W

Let the equal weight be W and the tension in the strings be Tl, T2N.
for equilibrium of therod T T, + T, - 2W =0

Bm -T1 X724+ W x54+Wx30=0
72T1 =84W

When T1 is maximum ( T1 =50)
72 x 50 = 84W

72%x50 6
W 84 7

Am T2 x 72 - Wx18-Wx42 =0

72T2 = 60 W, When T2 ismaximum (T2 =50)

W 72 %50 — 60N
=~

: . 6
Therefore the greatest weight can be placed is 42 - N

Example 10

Alight rod of AB 20cm long rests on two pegs whose distance apart is 10 cm. Weights of 2W
and 3W are suspended from A and B. Find the position of the pegs so that the reaction of the
pegs be equal.

Let the distance of one from A is x cm.
The rod is in equilibirium. Therefore sum of moments taking moments about C, is zero.

Rx10+2Wx-3W20-x) = 0
I0R = 60W - 5WX oo (1)
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R R
Ax { i\ B
I ST
2W 3W
taking moments about O
R x 10+ 3W(10-x)-2W(10 +x)= 0
10R = SWx - 10W e, (2)
(1) &(@2) 10x = 70
X = 7

Distance of pegs from Ais 7cm & 17cm

Example 11

The side of a regular hexagon ABCDEF is 2 m. Forcesof1,2,3,4,5, 6N act along the sides AB,
CB, DC, DE, EF and FA respectively in the order of letters. Find the sum of their moments about

(1  Vertex A (i) centr O the hexagon
AL=2sin60
=\/§m
Sum of moments aboutA O
=2 x 343 x 243 -4 x2J3 -5 x43
= _5\/5 e}
=5,/3 Nmm
OM =2sin60 =./3;

Sum of moments about O m =1 x x/§-2 X \/5-3 X \/§+4 X \/§+5 X \/§+6 X ﬁ

=114/3 Nm
Example 12

Three forces P, Q, R act in the same sense along the sides BC, CA, AB of a triangle ABC. If the
resultant passes through the circumcentre of the triangle show that

PcosA + Q cosB+ R cosC=0

60



AN VAN AN A
BOD=A ,COE=B
Let R’ be the radius. Then R’ =0A = OB =0C. of circumcentre and A6F: e
Taking moment about O

PxOD+QxOE+RxOF =0

P. OBcosA + QOC. cosB + R. OAcosC =0
since OB =0C =0A

PcosA + QcosB + RcosC = 0

3.6 Exercises

1.

Masses of 1, 2, 3,4 kg are suspended from a uniform rod of length 1.5 m and mass 3 kg
at distances of 0.3 m, 0.6 m, 0.9 m, 1.2 m from one end. Find the position of the point
about which the rod will balance.

A uniform beam AB of 3m long and mass 6 kg in supported at A and at another point on
therod. A load of 1 kg in suspended at B, load of 5 kg add 4 kg at points 1 m and 2 m
from B. If the pressure on support A is 40 N, find the position of the other support.

A uniform bar of 0.6 m long and of mass 17 kg is suspended by two verticle strings. One
is attached at a point 7.5 cm from one end and just can support a weight of 7kg without
breaking it and other string is attached 10 ¢m from other end and can just support 10 kg
without breaking it. A weight of mass 1.7 kg is now attched to the rod. Find the limits of the
positions in which it can be attached without breaking either string.

ABCD is a square of side @ . Forces of 2, 3, 4 N act at A along AB, AD and AC
respectively. Find the point where the line of action of the resultant meet DC.

Thre forces P, Q, R acting at the verticles A, B, C respectively of a triangle ABC each
perpendicular to the opposite side and in equilibirium. Show thatP: Q:R=a:b:c

Three forces P, Q, R act along the sides BC, CA and AB of a triangle ABC. If their
resultant passes through the centroid show that

i) P Q , R _,

P Q _ Q R _
sinA + sinB  sinC +

o P R
(i) BC T CA TAB -
The resultant of three forces act in the same sense along the sides BC, CA, AB of a triangle
ABC passes through the orthocentre and circumcentre.

__r ____Q _ R
Prove that (b?>-c?)cosA ~ (c2-a*)cosB ~ (a?-b*)cosC

A system consists of three forces P, AP, 2’P acting along the lines BC, CA, AB in the
sense indicatd by the order of the letters. Show that if the resultant passes through the
orthocentre ofthe acute angled triangle ABC then

1 Y LR
cosA T cosB ~ cos(A+B)

Deduce that A is necessarily negative.
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3.7 Couples

Definition : Two equal unlike parallel forces whose line of action are not the same form a couple.
The effect of a couple is causing rotation.
Couples are measured by their moments.

The perpendicular distance between the two lines of action is called arm of the couple.

moment of a couple

The moment of a couple is the product of one of the forces and arm of the couple.

ie, moment of a couple =magnitude of a force x distance between them.
M =Pxd
=Pd m

A couple is said to be positive or negative accroding to its tendency to cause anticlockwise or
clockwis rotation.

Theorem

The algebraric sum of the moments of the two forces forming a couple about any point in their
plane is constant and equal to the moment of the couple.

Proof

Let forces of the couple equal to P and O be any point in their plane. Draw OAB perpendicular
to the lines of action of forces to meet at A and B.

Algebraric sum of the momens about O

= PxOB-Px0A

= PxABm

= moment of the couple
Sum of the moments about O

= PxOA+PxOB

= P(OA+AB)

= P(AB) m

Therefore moment of a couple is samewhatever the point O is taken

ie, moment of a couple is independant of the position of the point.
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Theorem

Two couples acting in one plane of a rigidbody are equivalent to a single couple whose moments
is the algebraric sum of the moments of the two couples.

Two cases to consider

Proof

Case (i) When the lines of action of forces are parallel let (P, P), (Q,Q) be the forces of the
couples acting as shown in the diagram and OABCD is perpendicular from the point a
to their lines of action. Resultant of forces P and Q acting at Aand F is a force (P + Q)
acting at E where AE : EF =Q : P and resultant of forces P and Q acting at B and D is
(P + Q) acting at C where BC : CD =Q : P .Now equal parallel and dislike forces
(P + Q) forms a single couple, which is the resultant couple of the two couple.

moment of the couple = sum of the moments of forces (P + Q) at E
and (P + Q) at C about O

sum of the moment of Pat A and P at B and
QatFandQatD

= sum of the moment of the given couple
case (ii) When the lines of action of forces are not parallel

Let P, P, Q, Q be the forces of the couples and one of the force P and one of the force Q meet
at O as shown in the diagram and other forces P and Q meetat O'.

Forces P and Q at O has a resultant R at O and forces P and Q at O' has a resultant R at O'

Their resultant forces are equal parallel and dislike forces form a couple.

P (@] Q R
R N
Q O/ P
Moment of the couple = Moments of R at O' about O

sum of the moments of P at O' and Q at O'

sum of the moments of given couples
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We can deduce the following
1. Two couples acting in a plance whose moments are equal and opposite balance each other.
2. Anytwo couples of equal moment and in the same plane are equivalent.

Theorem

Resultant of a force and a couple in the same plane, A force and a couple acting in the same place
on a rigid body are equivalent to a single force equal and parallel to the given force acting on
another point.

Proof

Let P be the single force acting at A and G be the couple acting in the same plane.

G can be replaced by two forces P and P acting at A and another point B wher AB = G

P

Now equal and opposite forces P, P at A balance each other so that the resultant is single
force P at B.

Theorem

A force acting at any point of Arigidbody is equivalent to an equal and like parallel force acting
at any other point together with a couple.

Il
il

Proof

Let P be the given force acting at A along AC and B be any other point. Let perpendiculer
distance form B to AC is d. Introduce equal and opposite parallel forces P at B. One of these

forces with opposite to the P at A formes a couple G=P x d and other force at B in the single
force P.
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3.8 Worked examples
Example 13

ABCD is asquare of side 1 m. Forces of magnitude 1, 2, 3, 4, 24/2 Nact along the sides

AB, BC, CD, DA and diagonal AC of the square ABCD in the given order. Show that the
resultant is a couple and find its moment.

3
D £ C 3
D ¢ Cc
Y
~- ~
4 2 2w 2
: A >
A 1 B 5 B

Reslove 2v2 N along AD and AB. The component are 2/2 cos45=2N.

Now the system is equivalent to forces acting along the sides as shown above. The system
consists of two set of parallel, equal unlike forces forms two couples, and can be combined as
asingle couple of moment3 x 1+2x1=5Nm m

Example 14

ABCD is a square of forces of magnitude 3, 2, 4, 3, P N act along AB, CB, CD, AD and DB
respectively indicated by the order of letters. If the system reduces to a couple find the value of P.

D 4 e 4
2 o P
3 1 ¥ 2 — « I~ ~N —_
3 2+ NG]
A 3 B P
3+ %

P
Resolve P N along AB and CB, as Pcos45 = 2 N.

P P
To reduce to a couple, 3 + f =4 and 2+ f =3

P P
fZIand ﬁz 1
P \/Eand P:ﬁ
S P=+2



Example 15

ABCD is a parallelogram Forces represented by AB, BC, CD, DA act along the sides respec-
tively in the order. Show that they are equivalent to a couple with moment numerically equal to
twice the area of the parallelogram.

(CD)
D . @,
(DA)
d (BC)
} 1
A - B

Forces AB and CD are equal opposite and parallel forces or couple of moment. AB x d, .

When d, is the distance between AB and CD.

Forces BC and DA arealso equal opposite and parallel forms another couple of moment
BC xd
2

also both couple acts in the same sense, so the moment of the resultant couple is
ABxd + BCxd,
But ABX d1 =BC x d2 = area of the parallelogram

Hence the moment ofthe couple equal to twice the area of the parallelogram.

66



3.9 Exercises

1. ABCDisasquare of'side 2 m. Forces a, b, c and d act along AB, BC, CD and DA taken
in order and forces pﬁ , qﬁ act along AC and BD respectively. Show that if

ptrg=c-a and p-q =d-b the forces are equivalent to a couple of moment
at+tb+c+d

2.  PandQ are two unlike parallel forces. If a couple with each forces F and whose arm is a
in the plane of P and Q is combined with them. Show that the resultant is displaced through

adistance %

3. Ifthree forces P, Q and R acting in the verticle of a triangle ABC along the tangents (in the
same letters) to the circumcircle are equivalent to a couple. Show that

P:Q:R=sin2A :sin2B : sin2C

4.  ABCDisasquare D and E are the midpoints of CD and BC respectively. Forces P, Q, R
actalong AD, DE and EA in the direction indicated by the order of letters. If the system

reduces to a couple show thatP: Q :R=,/5 : \/2 : /5

5. Forces 4, 3, 3 N act along the sides AB, BC, CA of a triangle ABC of an equilateral
triangle ABC reprectively of side 0.6 m and another force P N acts at C so that the system
is equivalent to couple. Find the magnitude, direction of P

also find the moment of the couple.

6.  Ifthree forces acting on arigidbody is represented magnitue direction and line of action by
the three sides of a triangle taken in order show that they once equivalent to a couple of
moment represented by twice the area of the triangle.

7. Fourforces P, P, Q, Q act along the sides AB, BC, CD, DA of arhombus ABCD. Find the
sum of their moments about the centre O of the rhombus. Prove that their resultant is at a

 BD(P+0
distance 2 | P-o from O

Discuss the case when P =Q.
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4.0 Coplanar forces acting on a rigid body

4.1 Resultant of coplanar forces
In chapter two we discussed the coplanar forces acting on a point. We shall bow consider forces

acting not all at one point on a rigid body.

Resultant of coplanar forces

We required to find the resultant of number of forces whose magnitude and line of action are
given..

The magnitude of the resultant

Resolve the forces is two directions at right angle, add these components seperately say X and Y.
The magnitude of the resultant is obtained by RP=X*+Y?

The direction of the resultant

If the angle made with the direction of X is .
- Y
Then tan0 = X Y
_ 1Y
6 = tan (Y) 0

X

To find the position of the line of action.
By taking moments about any point O given line we can find where the line of action of the
rsultant cuts the line.

Example 1

ABCD is a square of side 2a. Forces 3P, 2P, P, 3P Newtons act along the sides AB, CB, CD,
AD respectively indicated by the order of letters.

Find () The nagnitude and direction D {:f c
A
(i) The line of action of resultant
Resolving ParalleltoAB — X = 3P-P
B g
= 2P 3P Y 2P
Resolving parallel AD 1 Y = 3P-2P
R* = X°+Y A - B
_ (2P)2 + pl=5p2 :
R = PJ5N
- Y_ P _1
tan6 = <= 3 R/IP
]
_ -1(1
0 = tan (2) p



Resultant is of magnitude P+/5 N, makes tan”" %) with AB. Let the resultant cuts AB at E where

AE=x

Taking moment about E,
D C
3Px+2P(2a-x)-Px2a = 0
3x-2x = 2a-4a
x = -2a
OR R
taking moments about A
R x xsinf = Px2a-2Px2a " 0
1
Py5 Xxx /5 = -2Pa A /E B
x = -2a

Resultant cuts BA produced at a distance 2a from A.

Example 2
ABC is an equilateral triangle of side 2a. Forces 4, 2, 2, Newtons act along the sides BA, AC,
BC in the directions indicated by the order of letters.

Find the magnitude of the resultant and show that the line of action cuts BC at a distance %

from B.
Resolving parallel to BC
— X =2+ 2c0s60 - 4cos60
=2+1-2=1

Resolving perpendicular to BC
T Y = 4sin60-2sin60

_ 3
2 -8 c
R = X°+Y’
=17+ (V3)
=1+3 =
R = 2N f v3
_Y_B_
tand = - i V3 P

0 = tan'(V3) = 60° ,
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Magnitude of resultant 2N, making 60° with BC
Suppose that the resultant cuts BC at E

Taking moments about E

4 x xsin60 - 2 x (2a - x)sin60° = 0

4x - 4a + 2x=0

6x = 4a

xZ%a

Example 3

ABCDEF is aregular hexagon of side a metres. Forces of2, 2, 3, 2 Newton act along the sides
AB, CD, ED, EF respectively indicated by the order of letters. Find the magnitude of the result-
ant and show that it acts through A along AB.

AB and AE are perpendicular to each other. E 9 D

Resolve the forces parallel to AB

— X =2+ 3-2c0s60 - 2cos60
Resolving parallel to AE

Y = 2sin60 - 2sin60

=0 A 5 B
R = 3N parallel to AB
Taking moment about A
m 2 X 2asin60 - 3 X 4acos30 + 2 x 4acos30
=0
It acts through A along AB

Reducing a system of coplanar forces

Any system of coplanar forces acting on a rigid body can, in general, be reduced to a single force
acting at an arbitrary point in the plane of the forces together with a couple.

Let theforces Fi(i =1,2,....n)act at points Pi (i=1,....n)inaplaneand O be any point in the
plane of the forces. Take O as origin of coordinate axes refered to rectangular axes Ox, Oy
coordinate of PiE (xi, yi) (i=1,2,...n)

Let forces Fi (i=1,2,3,....n) makes an angle 6', with Ox axis
Resolve force Fl, into components Xi, Yl_.
Where Xi = Ficosei, Yi = Fisinei i=1,2,...n)

Inroduce equal and opposite forces Xi, Y at O. This has no effect in the given system of forces,
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Y Y
X
> i - "
0 | |
PG=1,23..0) Xi v X 7
Y; i=1,2,3.....
Y y
¥
. - A\
: G,
- > - S
o Xi v @]
Now at

forms a couple of moment Gl_

G m =

1

Yox- X,

LetX= 2X;

~.
I
—_

and at O Yi ¢ 0]

Xi
Y
and at O the force is ‘
X
Y R
0
0O X
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Then R’= X?+Y?

- X
tan0 = X
0 = tan’(%)

and G = ;Yixi_xiyi

Note: Gis the sum of the moments of all forces in the given system about O, and will depend
on the position of O.

Conditions of equilibirium of a system of coplanar forces

Any system of forces can be reduced to a single force R at any arbitrary point O (origon)
together with a couple G in the plane in general.

If,

L R =0and G =0 the system is in equilibirium

i. R %0,G=0the system reduces to a single force acting at O

. R=0andG # 0 the system reduces to a couple of moment G

iv. R # 0and G = 0 the system is not in equilibirium and can be reduced to a single force R
acting at another point O'

Where OO'= % as shown below.

proof :

Replace couple G by equal unlike parallel forces R and R acting at O and O' where distance

between the lines of action d = %

equal and opposite forces balance each. results single force R at O'
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Equation of line of action of the resultant of a system of forces

If a system of forces is not in equilibirium and it can be reduced to a single force R at any point
(x', ") together with a couple G'

Then R* = X* +Y? andG'=G+Xy'-Yx'

Moment about any point in the line of action of the resultant is zero. Let (x, y) be any point on the
line of action Then G + Xy - Yx=0;

This is the equation of line of acting of the resultant.

4 2
¥

%)
il

G .

(.1:/, ,y/) X

e e e —.
& X xr &

Moment about O =Moment about O
G = YX-Xy+(
HenceG' = G+X)'-YX
If the resultant passes through (x', ') then G'=0
O = G+Xy'-Yx'
and the equation of line of action is
O = G+Xy-Yx

4.2 Worked examples

Example 4

Forces 2, 4, 1, 6 N act along the sides AB, CB, CD, AD of a square respectively. Find the
magnitude and direction of the resultant.

Prove that the equation of the line of action of the resultant referred to AB and AD as coordinate
axisis 2x-y+3a=0 1
D C

Z
hY

Resolving parallel to AB;

—> X=2-1=1
Resolving parallel to AD, 6 A 4

Y = 6-4 =2

N

RP= X2+Y? =2°+1%=5

R = /5N
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X T
tan0 = Y R
=2
0 = tan'(2)

Resultant of magnitude V5 N, makes tan” (2) with AB. 1
Taki tsabout A, .
ng moments abou y +

m G=1xag-4x%a
= -3a Nm D

Equation of line of action is
G+Xy-Yx =0
SBa+y-2x =0
2x-y+3a =0

OR A

Moment of the resultant about A
= Algebraic sum of the moments of the forces about A

G = Yx-Xy
3a = 2x-1ly
2x-y+3a = 0

Example 5

ABCD is asquare of side a. Forces of 5, 4, 3,2 N act along the sides AB, BC, CD, AD is the
direction indicated bu the order of letters. Reduce the system to

L a single force at A with a couple.
ii.  asingle force at the centre O with a couple.

.  Refered to AB and AD as axis find the equation of line of action.

3
Resolving parallel to AB D c
—>X = 5-3
=2 5 N ® N4
Resolving parallel to AB o
1Y =4+2 ?
-6 A 5 B
R® = X*+Y’ D c
= 40 2v/10
R = 2410
moment aboutA Y & O
G = 4xa+3xa 5a
= 7aNm g B
A
single force of 24/10 N with a couple of 7a Nm at A X
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Moment about O,

G = 5x2 44x243x2L 58
= 5x — X — X — -2 x —
2 2 2 2

= 5a Nm

At the centre, 24/10 N force with a couple 5a Nm.
Equation of line of action
G+Xy-Yx = 0
Sa+2y-4x = 0
4x-2y-5a = 0

Example 6

ABCDEF is aregular hexagon of side 2a. Forces of 2, 1, 2, 3, 2, 1 N act along the sides AB,
BC, CD, ED, EF, AF in the direction indicated by the order of letters respectively

L show that the system can be reduced to a force of magnitude 23N along AD with a
couple. Find the moment of the couple.

1. Show that the system can be reduced to a single force and find the equation of its line of

action.
.  Ifthe line of action cuts FA produced at K find the length of AK.
— X = 2+ 3+ 1c0s60 - 2c0s60 - 2c0s60 - 1c0s60 3
=5-2=3N E D
T Y = 1sin60 + 1 sin60 + 2sin60 - 2sin60 ) s
= 3N
R* = X>+Y? F c
=12
R = 243N i 1
X _ 1
tand = NG A 2 B
0 = 30°

Resultant is parallel to AD
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Sum of moment of the forces about A
G = 1 x2asin60 + 2 x 4acos 30 + 2 x 2asin60 - 3 x 4acos30

a3 +434+2V34-6a
=a\/§Nm

system can be reduced to G
force of 2+/3 N along AD with a couple of moment av3N

moment of the couple a V3 Nm

I

(1\/7

23

d 13

2V3 Al

243 Nm 5 can be replaced by equal opposite parallel forces of 2 /3 N shown above where

[ a\/7 a
A=Y R~

The forces at A balance each other,

Therefore it reduces to a single force 2 V3 NatA'
equation of line of action

G+Xy-Yx
a\/§+3y-\/§x = 0
x-\/gy-a =0

The line of action cuts AB at H at FA produced at K
LetE=(x1,0) X - \/gy-a=0

Il
(e

y=0 x =a
= (a,0)

AK
sin60 = ‘AE
AK = AEsin60

_ a3
>
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Example 7

Forces P, Q, R, P, 2P, 3P N act along the sides AB, BC, CD, DE, EF, FA respectively of a

regular hexagon ABCDEF of side 2a metres in the sense indicated by the order of letters.

L If the system is equivalent to a couple show that Q = 2P and R =3P and calculate the
moment of the couple.

ii. ~ Ifthe system is equivalent to a single force along AD find Q and R in terms of P.

P

2P R Y

A P B

System is equivalent to a couple

X=0andY=0
Q-R+P
— X =Qco0s60 - Rcos60 - 2Pcos60 + 3Pcos60 = >
X=0; Q-R+P = 0
R-Q = P (1)
3
T Y =Qsin60 + Rsin60 - 2Psin60 - 3Psin60 = (Q+R-5P)§
Y =0; Q+tR = 5P e, (2)
(1), (2) R = 3P and Q=2P
Moment of the couple = sum of the moments about O
— (P+Q+R+P+2P+3P)xa+3
= 12\/§aP Nm m
(i x = BAP

Y = (Q+R-5P)§

Resultant parallel to AD
0 = 60°
J3(Q+R-5P)
nd = 3 =5 Ryp
Q-R+P = Q+R-5P
R = 3P
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Single force along AD
Sum of moments about O is zero,

(TP+Q+R)av3 = 0
10P + Q
Q = -10P

Il
(e

Example 8

ABCDEF is aregular hexagon of side a forces of magnitude AP, uP, yP act along the sides AB,
CB, CD in the sense indicated by the order of letters respectively. The algebraic sum of the

moments about verticle D, E, F are 2 V3 Pa, % Pa, @ Pa respectively in anticlockwise
direction.

L Find the values of A, L, 7.

ii. ~ show thatthe resultant is a single force, parallel to EC through A of magnitude of V3PN,

Moment about D
m AP x 2acos30 - uP x asin60 = 24/3 aP
A3 Mﬁ - 2.3
2 2
2 -1 = 4 e, (1)
Sum of moments about E

m AP % 2aco0s30 - uP x 2acos30 + yP X asin60
aP@[zx oyl = 3aPY3

20 -2uty

AE =BF = CE =24c0s30=a/3

Il
w
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EH = asin60 =a§

Sum of moments about F

KPaﬁ - uP2a V3 + yPZaﬁ

2 2

ap@[?»-2p+2y] — oP3

A=-20+2y = 1 i, 3)
(1),(2),3) A=3,p=2,y=1
— X =AP - pPcos60 - yPcos60

_ P P _ 3
=3P-25-75 =3
Y =pPsin60 - yPsin60 = Pﬁ R /I
> &
2
2
2 P ﬁ _ 2 / |
R—(37)2+(P2J—3P 0
S
R = P3N ’
V3L
tan® =3 =0 0 = 30
Moment about Am P x 2aco0s30 - 2P x acos 60

=0
Resultant is a single force through A of magnitute P./3 N as in parallel to EC.

Example 9

ABCD is arectangle with AB =2a, AD = 2a. The moment of a system of forces in the plane of
the rectangle are Ml, M2, M3 about points A, B and C respectively

L Find the moment of the system about D.
1. Determine the magnitude and direction of the resultant of the system.

.  Find the equation of line of action of the resultant and if the line of action is perpendicualr
to BC show that M1 = 5M2 + 4M3

80



C
¥
¥ .
G —_—
A X A B
Let the system of forces reduced at A as shown
Moment of a system about any point (x, y) in its plane
G = G+Xy-Yx
Let A=(0,0), B=Q2a,0), C=(2a,0q), D =(0, a)
Then about A M1 = G+X0-Y0
G = M1
about B M2 = M1 +X(0)-Y(2a)
- M1 — M2
Y = 2a
about C —M3 = M1 + X(x) - Y(2a)
-M3 = M1 + Xa - (M1 - Mz)
X = _ (M, +M;)

a
moment about D= (0, a)

Gv — M —(M2+M3)Xa-(uj ><0
1 a 2a

- (M1'M2'M3)§

R* = X°+Y°
(MM Y (MM, Y
B a 2a

4(M, +M,)" +(M, -M,)’
4q’

1
R = LM +M. ) +(M—M,) |
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0=tan"| 2= M
2(M,+M,)
Equation of line of action
G+Xy-Yx = 0

M,—M
M - <M2+M3)y_ [#]x -0

1 a
(M1 - Mz)x + 2(M2 + M3)y - 2aM1 =0

dient of the | _ MM
Gradient of the line _2(M2 +M3)
Gradient of AC = %

(Mz_Ml>

MMy
2M, +M,) 2~ !

M, -M, =-4M, - 4M,
SM,+4M, = M,

Example 10

A system of forcs Fl_ (i=1, 2, ....n) act at points Pl_ whose coordinates (xi, yl_) related to
rectangular axis Ox, Oy. Each force of the system makes an angle 6 with Ox.

L Reduce the system as a single force at O together with a couple.
1. Write down the equation of the line of action of the resultant

.  Reduce as 0 varies, the corresponding resultant of the system passes through a fixed point
in the plane and find its coordinate.

X = Ficose i=(1,2,..n)

1

X = gXi=C0S6i§1FI’

ot
I

F sin 0 i=(1,2,..n)

Y = %Yl =sin9§lFi
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Yy A
¥ VA
P (i=1,23,..n) Y & G
-
@) L < - T
O
X
Moment ofa Force Fi about O is
Gi= Yixi - le i
Sum of the moments G = EGi
= %(lel -X.)
n n
= XEx -3 Ey;
i=1 i=1
R = X°+Y°
n 2 n 2
= COSZO(ZJF’-) + sinze(Z_IJFij
. 2
- (8n)
i=l
R = ;Fi
equation of line of action
G+Xy-Yx = 0
n n n n
sind 2. F,-x,- ~cosO 2 F,-y,- + ycosO > F, - xsin ZF, =0
i=1 i=1 i=1 i=1
=0

sinG(ZF,-Xi —xziFi )- cose(ZF,-y,- —yZF,- )
i=1 = i=l1 i=1
xsin® ZF, —ycoso ZF, +cos0 2 F,-y,- — sin0 2. F,-x,-
=1 i=1 i=l1 i=l

This is a variable line depends on 0.
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as 0 varies,

The line passes through a point

ﬁ:Exi iE—Vi
where x = ]Z F y = IZ F
independent of 0.
Zn:Fixi Zn:F,y i
i=1 i=1
Edit of the fixed point iFI ’ i:Fl OR
i=1 i=1
n n n n
sinfO( 2 Ex, —x2F )-cosb (XEY;, -y X F) =0
i-1 i=1 i=1 i-1
is a straight line passing through the point of intersection of two lines
n n n n
YEx, —x2E =0 and 2Ey, —y2E =0
i-1 i-1 i-1 i=1
for all values of ©

YEx; YEy,
i=1 i=1
Hence point of intersection is n > X
P >E  YF

i=1 i=1

Example 11

Forces P, 7P, 8P, 7P, 3P newtons act along the sides AB, CB, CD, ED and FE respectively of a
regular hexagon ABCDEEF of side a meters in the direction indicated by the order of letters.

Taking i and j be the unit vectors along the directions AB and AD respectively express each
force in terms of i, j and P. Show that the given system is equivalent to a single force

R =2P(i + /3 j) parallel to BC .
What is the magnitude of R

Show further that the line of action of the resultant passes through the common point of DE and
AF (both produced)

Ifthe system is equivalent to a force R acting hrough A together with a couple find the moment of
this couple.
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TP
L E . D
v -_——- F
\
\ 3P 8P
\
\
E o
7P
3 -
i
A . B B
Forces are,
Pjalongﬁ
7P(-—£—§1j along CE
3
8P( % +§ jalong CD
7Pialongﬁj
3
3P(%1—I1) along FE
73 83 343 .
Resultant R = (1 ; §+7+3)P_+(_ 2 T2 T jPl
= 2P;i+243Pj

= 2P Q +4/3 Jj ) is single resultant force

~. Ris parallel to BC
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=
I

R J@PY +(243P)?
~ 4p

Taking moment about L,

P x 2aco0s30 - 7P x 3acos30 + 8P x 2asin60 + 3P X qsin60

21Pasin60 - 21Pacos30=0

resultant pass through the intersection point of DE, AF prodeced.

4.3
l.

Exercises

Forces 1, 3, 5, 7, 942 act along the sides AB, BC, CD, DA and the diagonal BD of a
square ABCD of side a in the sense indicated by the order of letters. Taking AB and AD as
axes of x and y respectively find

1 Magnitude and direction of the resultant
il. Equation of'the line of action of the resultant

.  The pointin which the resultant cuts AB.

ABCDETF is a regular hexagon of side a. Forces 1, 3,2,4 N actalong AB, BE, ED and
DA respectively indicated by the order of letters. Taking AB and AD as x and y axes
respectively, find

1 magnitude and direction of resultant

ii.  equationofline of action.

Forces of magnitude F, 2F, 3F, 4F, 5F, 6F act along the sides AB, BC, CD, DE, DF, FA
of'a regular hexagon of side a taken inorder. Show that

L They are equivalent to a single force 6F acting parallel to one of the given forces.

1. The distance of the line of action of that force and of the resultant from the centre of
the hexagon is in the ratio 2 : 7

Forces 4, 3, 3 N act along the sides AB, BC, CA of a equilateral triangle ABC of side
0.6 m indicated by the order of leters. Find

1 The magnitude and direction of the resultant
il. ~ Theperpendicular distance of the line of action from C

.  Ifanadditional force F is introduced at C in the plane of ABD, the system is now
equivalent to a couple. Find the moment of the couple and magnitude and direction
of the force introduced.
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The coordinates of the points O, A, B, C are (0, 0), (3, 0), (3, 4) and (0, 4) respectively.
Forces of magnitude 7, 6, 2, 9, 5 N act along CA, AB, BC, CO, OB indicated by the
order of letters and a couple of moment 16 units acts in the plane in the sense OCBA.
Reduce the given system to a force and a couple at O.

Show that the system is equivalent to a single force acting along the line 3x -4y -5=0.

ABCDEF is areguler hexagon of centre O and length of a side @ metres. Five forces P, 2P,
3P, 4P, 5P Newton act along the sides AB, BC, CD, DE, EF respectively in the direction
indicated by the order of letters. Three new forces Q, R, S newtons acting along AF, FO,
OA respectively are added to the system. Find the values of Q, R, S in terms of P.

L ifthe whole system is in equilibirum

ii.  equivalenttoacouple of moment Pa /3 Nm in the tense ABC.

The points A, B, C, D, E, F are vertices of a regualr hexagon of side 2a m in anticlockwise
sense. Forces of magnitudes P, 2P, P, mP, nP and 2P newtons act along the sides AB, CB,
DC, DE, FE and FA respectively in the sense indicated by the order of letters.

1 Ifthe system reduces to a single force acting along DA find the values of m and n.

il. A clockwise couple of magnitude 2 3 PaNminthe place of the hexagon is added
to the single show that the new system reduces to a single force and find the point of
its line of action with AB produced if necessary.

Let ABCD be a square of side a metres. Forces of magnitudes 4, 6\/5 ,8,10, XandY
newtons act along AD, CD, AC, BD, AB and CB respectively, in directions indicated by
the order of letters. The system reduces to a single resultant acting along OF , where O
and E are the midpoints of AC and CD respectively. Find the values of X and Y, and show

that the magnitude of the resultant is 4K newtons, where K =2 - \/5 .

Let F be the point such that OAFD is a square. Find the two forces, one along AD and
the other through the point F, which are equivalent to the above system.

A couple of moment 6 ka newton metres acting in the sense ABCD, in the plane of the
forces, is added to the original system. Find the line of action of the new system.

ABC is an equilateral triangle; O is the centre and R is the radius of the circumcircle of the
triangle ABC. A system consists of six forces of magnitudes L, L, M, M and N, N acting
along BC, OA, CA, OB, AF and OC respectively in the sence indicated by the order of
the letters and a non-zero couple of moment AR(L + M + N) acting in the plane of the
triangle ABC, in the sense ACB.

Show that if the system reduces to
a.  asingle force, then L*+M?+N*>LM +MN +NL

b.  asingle couple,then L=M=N, A # % .

State a set of necessary and sufficient conditions for this system to be in equilibrium.
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10.

11.

12.

ABCD is a squar of $m, E is on AB such that AE = 3m. The forces AP, uP, vP, 2P, 10P

and 2 \/E P Newtons act along the directions BA, BC, CD, AD, DE and DB respectively
as indicated by the order of the letters.

L When the system is in equilibirium show that A=p=6 andv=4

il. If v+ 4and A = u= 6 then show that the system reduces to a single force and find
its magnitude direction and line of action.

.  Ifu=2and A =p=6then find the magnitude, direction and the line of action of the
force that should be added to the system so that the system reduces to a couple of
moment 80 Nm.

Forces P, 7P, 8P, 7P, 3P newtons act along the sides AB, CB, CD, ED, FE respectively of
aregular hexagon ABCDEF of side a meters in the direction indicated by the order of

letters. Taking i and j to be unit vectors in the direction AB and AE respectively. Ex-
press each forces interms of , j and P.

Show that the given system is equivalent to a single resultant force R = 2P ( i+ NE) J )

parallel to BC.
What is the magnitude of RP

Show that the line of action of the resultant passes through the common points of DE and
AF (both produced).

Ifthe system is equivalent to a force R acting through the vertex A together with a couple,
find the moment of the couple, in magnitude and sense.

The coordinates of the points A, B and C with respect to a rectangular cartesian axes Ox
and Oy are (\/5 , 0), (0,-1)and | 737> | respectively. Forces of magnitude 6P, 4P, 2P

and 2+/3 P newtons actalong OA, BC, CA and BO respectively in the directions indicated

by the order of letters. Find the magnitude and direction of the resultant of these forces.
Find the point at which the line of action of the resultant of these forces.

Find the point at which the line of action of the resultant cuts the y axis.

Hence find the equation of the line of action of the resultant.

Another force of magnitude 6./3 P newtons is introduced to the system along AB show
that the system is reduced to a couple of magnitude 10P newton metre.
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4.4 Equilibrium of a rigid body under the action of coplanar forces

(1) Under the action of two forces

P

Ifthe two forces are equal in magnitude acting in opposite direction along the same line then the
body will be in equilibrium.

(2) Under the action of three Forces

We have two cases to consider.

(1) All three forces are not parallel
(i1) They all parallel

In (1) they all should meet at one point and resultant of any two forces should equal and
oppsite direction to the third one.

Proof:
Let P,Q,R be the three forces acting on a rigid body and P,Q meet at a point O .Then P,Q have

aresultant passing through O. Now we have twi forces, therefore for equilibrium R should pass
through O and equal, opposite direction with the resultant of P and Q.
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In (i1) all P,Q,R are parallel.

Let P,Q are like parallel forces have a resultant S parallel to P or Q. Now we have two parallel
forces S and R. For equilibrium S and R to be equal, dislike parallel and to be in the same line of
action , otherwise they have a resultant or forms a couple.

When arigid body is in equilibrium under the action of three coplanar forces the following results
can be used

1 Lami’s Theorem
i Triangle of Forces
il The sum of resolved components along two perpendicular direction are zero

Also the following Trigonometric theorem is useful in dealing with equilibrium problems.

Theorem :
In atriangle ABC let D is a point on BC such that BD : DC=m: n and BAD = o, CAD = B
ADC = 6 then

(i) (m+n)cot@ =mcota—ncot B

(ii) (m +n)cot & = ncot B—mcot C

4.5 Worked examples

B m o) C
Example 1:

Aheavy uniform rod AB is hinged at A to a fixed point and rests in a position inclined 60 to the
horizontal being acted upon by a horizontal force P applied at the lower end B. Find the
magnitude of P and the reaction at hinge.

R The forces acting are

(1)  Weight W of'the rod acting vertically
through the mid point of the rod.

()  Thehorizontal force P at B.

(i) ThereactionR athinge A.

The rod is in equilibrium of under the action
of three forces, therefore must meet at one
point. say D

P Let AB=2a , /ADE =80
AE =2asin 60° = \/ga
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Method (i)  Using Lami’s Theorem

P R w
sin(90+6) sin90° sin(180-6)
P =R= .W ED:lXZacos60°:
cosd sin @ 2
P=Wcotd tan6’:£:2\/§
R =W cosect ED
w f W cos ecd =~/1+cot’
2 6 f /
\/_ cosecl = 1+— =
R=W, /EN
12
Method (ii)

In triangle AED, AE is parallel to W, and ED,DA can represent Pand R .
ie, AAED is the triangle of forces

R - DA
w - AE
P - ED
N _W_R
““ED AE DA
P W R
- = = 2
a  f3a x/13a AD = 3a2+%=@a
2

\/7 and R= W\/7

Method (iii) Resolving Forces

Resolving horizontally —
P-Rcosfé=0
P=Rcosé

Resolving vertically 1

Rsind-W=0

R= W =W EN
sin @ 12

P=Wcot0:lN

23
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Example 2:
A uniform rod ABC of weight W is supported with B being uppermost, with its end A against a
smooth vertical wall AD by means of a string CD, DB being horizontal and CD is inclined to the
wall at an angle of 30 . Find

1 The tension in the string

i1 Reaction of the wall

i1 The inclination of the rod

iv  Prove that AC = %AB

The forces acting are ,
1 weight W, vertically downward through G, AG =a
i Reaction R at A , horizontal force R
iil Tension in the string T

Since the rod is in equilibrium three forces should meet at one point is O.
Let @ be the inclination of the rod to horizontal
Resolving horizontally —

Tsin30°-R=0
r=L
2
Resolving vertically 1
Tcos30—-W =0
Pl 2N W

B3 B3

For equilibrium of AB, Taking moment about D
RxAD-WxAO =0

3
K><2asint9:W><acosH N tangzﬁ - Hztanl[%J
2

B
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In triangle ACD using sin rule

AC _ AD
sin30  sin(120-0)

AC 2asin @

1 cos(30-0)

2
4C = asin @ 3 a
c0s30cos@+sin30sind cos30cotd +sin 30
_ 2a _2_a
2 3
B3x - +1
V3
1
AC= —AB
3

Method 2: ByLami’s Theorem

T W _ R
sin90 sinl180 sinl150

W R cos 60
cos30 cos 30
T= 2—WN R= KN
Vg Vg
Example 3:

Auniform rod AB is in equilibrium at an angle ¢ with the horizontal with its upperend A resting
against a smooth peg and its lower end B attached to a light cord, which is pastned to a point C

on the same level as A. Prove that the angle £ at which the cord is inclined to the horizontal is

given by the equation tan f=2tana +cota and AC =
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The forces acting,

1 Weight W
1 Tension inthe cord T
il Reaction at Peg R, perpendicular to the rod

The rod is in equilibrium under the action of thre forces , they meet at point O

In triangle AOC, using cot Rule
(AG + GB) cot ZOGB =GB cot90— AG cot LABO

(1+1)cot(90+a) =1xcot90—1xcot(S-)
2tana =cot(B—a)

1+tan Stan
2tana=—'g

tan f —tan
tanﬂ(2tana—tana):1+2tan205

1+2tan’ &
tan f=———
tan

tan f =cota +2tan o

Using sin Rule, in triangle ABC

AC 4B
sin(f-a) sin(180- )
AC:ABsir.l(ﬂ—a)
sin 3
AC = 48 [sin Bcosa —cos fsina]

sin
AC = AB[cosa —cot Bsina]
= AB cosa—Lazsina
I+2tan”

4B
1+2tan’ @

{COSO( + -

2sin‘a sin’a
cosa  cosa

4B cos’ @ +sin’
1+2tan’ & cosa

_ ABseca
1+2tan’
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Example 4:

A sphere of radius ¢ and weight W rests on a smooth inclined plane supported by a string of
length 7 with one end attached to a point on the surface of the sphere and other end fastened to
a point on the plane. If the inclination of the plane to the horizontal is « , prove that the tension

W(a+I)sina

I* +2al

in the string is

¥
Vw
The forces acting are
1 Weight W of the sphere, vertically downward through its centre O
1 Reaction R of the plane perpendicular to the plane, pass through centre O
il Tension in the string T

The sphere is in equilibrium under three forces tension in the string should pass through O
In triangle AOB

OB=a+!
OA=a

AB? =(a+l)2 —a*=1*+2al
AB =A1I* +2al

Method 1
Resolving parallel to the plane

OTcosé’—Wcos(90—a):0

T:WSil’IOC Cosezﬁ
cosd 0B
/ /4 si I’ +2al
— Wsina. (a+1) _ (a+1)sinc cosH:—a+l
JP+2al NP +2da
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Method 2: (Lami’s Theorem)

R w7
sin(90+a—t9)_sin(90+t9)_sint9
T_Wsina_W(a+l)sina

cos & I’ +2al

w
- .cos(a—6)

R=

=W (cosa +sina tan 6)

= W(cosaﬁsina.

a
N/A +2azJ

Example 5
Arod of weight W whose centre of gravity divides its length in the ratio 2:1 lies in equilibrium

inside a smooth hollow sphere. If the rod subtends an angle 2, at the centre of the sphere and

1
makes angle @ with the horizontal, prove that tan & = 3 tan o . Also find the reactions at the end
of the rod interms of W and o

The forces acting are

(1) Weight of the rod W acting through centre O

(i1) Reactions at rhe ends A and B passes through
the centreO

Z0CA=90-6
ZOAB=/0BA=90-«
Using cot rule in triangle AOB

(BC + CA) cot (90 - 0) = CA.cot LZABO — BC.cot ZBAO
3cot(90—-8) =2cot(90 — ) —1.cot(90 — )

3tan @ =tan

wY

tané’:%tana

For equilibrium of AB, taking moment about B

NRx3asin(90—a)—Wacosd =0
3Rcosa =W cosé@
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_ Wcost

K 3
cosa )
W 3 Seczezw
R= . 9
3cosa \/9+tan2a 3

W W cosf = ———
R V9 +tan’ a

\/9cosza+sin2a \/80032a+1

Resolving along the rod
S.cos(90—a)—R.cos(90—a ) —W.cos(90—- ) =0
S.sing—R.sina—Wsind =0

S.sina=Rsina+Wsin@

/4 sin tan
= +W

cosa \/9+tan2a \/9+tan2a
2W tan

\V9+tan’ o

2w
cos a9 +tan’ o

2w

V8cos® o +1

Example-11:

S:

Aright circular solid cone of weight W, semivertex angle 3(°, and radius of the base a is
placed on a smooth inclined plane which makes an angle ¢ to the horizontal. One end of an
inextensible string of the length /3, is attached to the centre of the base of the cone and the

other end is connected to the inclined plane. If the system is in equilibrim with curved surface is in
contact with the plane

. . . 2\3Wsina
1 Show that the tension in the system is \/_—
1 Find the reaction between the curved surface and the plane
il Also show that the line of the reaction cuts the symmetric axis of the cone at a distance
3a| 33 cosa +5sina _
4 | 3cosa+3sine from its vertex.

3h
(The centre of gravity of a solid cone of height h is at a distance T from the vertex)
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The forces acting on the cone are
1 Weight of the cone W through G,

3
where VG = 2 a3

ii Tension in the string
111 Perpendicular reaction of the smooth plane

height of the cone = 4 cot 30° = a+/3
OV =0D = £0DA4 =30°

For equilibrium, Forces W and T meet at C so reaction R should pass through C
Resolving parallel to the plane

O Tcos30-Wsina=0

B 23Wsina
3

Resolving perpendicular to the plane

T

M R—Wcosa—Tsin30=0
T w .
R —E+Wcosa —?[\/5511’10{+300806i|

Taking moment about V

I‘TR><xcos30—W%a\/gcos(30+a)—Tsin30><2a\/§§: 0

3 3J§W{J§ 1 } 1 243
Rx—=—— osa——sina |+—

sina x3a

2 4 | 2
R.xz%?(ﬁcosa—Sina%LZaSina

:¥(3«/§cosa—35ina+85ina)a

X_K(3x/§cosa+55ina]3_a

4 3cosa+\/§sina w

3a 3\/§cosa+55ina
xX=—

4 3cosa+\/§sina
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4.6 Equilibrium under the action of more than three forces

Now we have to consider the general case where there are more than three coplanar forces
acting on a rigid body. The forces need not meet at one point.

Any system of forces acting in one plane upon a rigid body can be reduced to a single force R or
asingle couple G
If R=0 its components in any direction is zero.

But R* = X* +Y? implies R=0 means X=0and Y=0
ie, The sum of the components in two perpendicular direction each must be zero.

Moment of the couple is the same about any points in its plane we show that if G is zero sum of
the moments of the forces about any point in its plane is zero.

Condition for Equilibrium which is sufficient to ensure the equilibrium

1 The sum of the components of the forces in any two direction must be zero and
1 The algebraic sum of the moments of the forces about any point in their plane is
Zero.

Condition (i) ensures that the system does not reduce to a single force and (ii) ensures not
reduces to a couple

Another equivalant conditions

The algebraic sum of moments of the force about any three points in its plane not all in a straight
line must be zero.

Proof
Total sum of the moments about A or B is zero means there may be resultant and AB its line of
action and sum of moment about C is zero.implies there is no such a force.

4.7 Worked examples

Example 1

Auniform ladder rests at an angle o to the horizontal with its ends resting on a smooth floor and
against a smooth vertical wall. The lower end being joined by a string to the junction of wall and
floor. Find the tension of the string and the reaction of the wall and the ground.

Find also the tension of the string when a man of equal weight of the ladder has as centered the
ladder three quarters of its length.

Four forces acting on the ladder S B
1 Weight W
1 Tension of the string T G
iil Reaction of the floor R R ‘
I\ Reaction at wall S
o
C
A T Y W
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For equilibrium of AB

- T-S=0
T=8nn. )
1 For equilibrium of AB
R-W =0
R=W.... (2)

Taking moment about A ITl

Sx2asina—W xacosa =0
S:Kcota,T:Zcota R
2 2

When the man is on the ladder
R-2W =0
R=2W
Moment about B ITl

T T><2asina—R><2acosa+Wxacosa+W><%c0sa:O

2T sina :2><2Wcosa—%Wcosa

_SWecosa  SW
4sina 4

T cota

Example 2

A beam of weight W is divided by its centre of gravity G into two portions AC and BC whose
lengths are ¢ and p . The beam rests in a vertical plane on a smooth floor AD and against a
smooth vertical wall DB. A string is attached to a hook at D and to the beam at a point P. If T is
the tension of the string and 8, ¢ be the inclination of the beam and string to the horizontal
respectively.

Wacos 0
T =
Show that (Cl +b)Sin(0—¢)

For equilibrium of AB
—>Tcosgp—-S§5=0
S =Tcos¢
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Taking moment about A

mMSxABsin@—T x ADsing—W xacos@ =0 q
Tcosg(a+b)sin@—Tx(a+b)cos@sing=Wacosl '
T (a+b)[sinOcosp—cosPsing|=Wacosd c -
T(a+b)sin(6—¢)=W xacost R P

Wacos @ £
2~
1

"= @ bysin(6-9) P

Example 3 W v

To the end B of a uniform rod AB of weight W is attached a particle of weight w . The rod and
aparticle are suspended from a fixed point O by two light strings OA,OB of the same length as

the rod. Prove that in equilibrium position, if 7} and 7, are the tensions in strings OA,OB then

L__ W
O 7 " weow

(W + 2w)\/§

(i) If ¢ is the angle OA makes with vertical tan o =
W+ 2w

The forces acting are
* weight of the rod W
* weight of the particle w

* Tensions in the strings 7; and 7,

The resultant of the parallel forces W and w is a like parallel force through D of magnitude W+w
where GD:DB=w : W

o

Let 4B =2q then GB =4

GD = W a
W+w
wa W +2w
AD =a+ = a
W+w (W+wj and
DB—a— wa_ _ Wa
W+w W+w

Now we have three forces in equilibrium
taking moment about D

N7, x ADsin60—-T7, x DBsin60 =0 )
L,_DB__Wa _W+w __ W '

T, AD W+w (W+2w)a W+2w v W4 w
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Using sin rule in triangle OAD

AD 04
sin o sin|:180—(60+a):|
AD sina

o4 sin (60 +a)

W +2w a _ sino
W+w 2a 3 1.
~—cosa +—sina
2 2
W+2w 1 3 2
2(W+w) \6 1 \/gcota+1
—cota+5

3eota +1 2(W+w)

2 W+2w
\/gcota:4W+4w—1=3W+2w
W+2w W+2w
cota—(3W+2le
W+2w )3
W +2w
Example 4

The Points A,B,C,D,E,F are the vertices of a regular hexagon ABCDEF of side 2, makes
taken in anticlockwise sense. Forces of magnitudes P,2P,3P,4P,5P,L,M,N newtons act along
AB,CA,FC,DF,ED,BC,FA and FE respectively in the direction indicated by the order of the
letters. If the system is in equilibrium find L,M,N interms of P.

Given that forces are in equilibrium their sum of moments about any point is zero.
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R~ — = ———

FB 1 BC
FD 1 DC

b

SN

Taking moment about F 5 R 7 .

MLxFB-5PxFK+PxFQ-2PxFA=0

Lx4acos30-5Px2asin60+ Px2asin60—-2Px2a=0

V3 V3 V3

4] x ——10Px—+2Px——4Pa=0
2 2 2

2BL-43P-4P=0
L_4P+4ﬁP

23

1
=2P|1+— |N
%)
Taking moment about A
mLx2acos30—5Px4acos30—Nx2acos30—4Px2a—-3Px2acos30=0

BB B

2Lx—-2Nx—-26Px—+8P =0
2 2 2

8P _
N
N=1-13p+>L

V3

+£+E—l
V33

10

Nz(ﬁ—lle

L-N-13P+ 0

=2P 3P
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Resolving parallel to AB

— Lcos60+ M cos60+ N cos60+5P+3P+P—4Pcos30—2Pcos30=0

L M N NERNRE)

—+—+—+9P—4P——2P—3:0
2 2 2 2 2

L+M+N=6/3P—18P
M:6x/§P—18P—(12—P—9PJ

NE

-23P-9p

=(23-9)p

Therefore

1
L:(Hﬁij
M:(2\/§—9)PN

10

Nz(ﬁ—lleN
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4.8 Exercises

(D

)

)

(4)

)

(6)

A uniform bar AB of weight 24, and length ; is free to turn about a smooth hinge at its

upperend A, and a horizontal force is applied to the otherend B so that the bar is in
equilibrium with B is at a distance ¢ from the vertical through A. Prove that the reaction at
the hinge is

1

{412—3612}2

equalto W| ————
I"—a

A uniformrod, of length ¢ hangs against a smooth vertical wall being supported by means
ofa string of length 7, tied to one end of the rod, the other end of the string being attached

to a point in the wall. Show that the rod can inclined to t he wall at an angle g given by

2 2
I“—a

3a’

What are the limits of the ratio of  : / for which equilibrium is possible.

cos’ @ =

A sphere of radius  and weight Jy rests against a smooth vertical wall , in which is
attached a string of length ; fastened to a point on its surface. Show that the tension in the
string 1s

w (l + r)

NI+ 2Ir

Also find the reaction between wall and sphere.

A solid cone of height } and semi vertical angle ¢ , is placed with its base againsta
smooth vertical wall is supported by a string attached to the vertex and to a point on the

16
wall. Show that the greatest possible length of the string is £, |1+ Y tan’ o

A triangular lamina ABC is suspended from a point O by light string fastened to points A
and B and hangs so that BC is vertical. Prove thatif ¢z and # be the angles which strings

AO and BO makes with vertical then 2 cot & — cot f =3 cot

A uniform rectangular lamina board rests vertically in equilibrium withits side 2, and 2p
on two smooth pegs in the same horizontal line at a distance ¢ apart. Prove that the side
oflength 2, makes with horizontal an angle @ givenby ¢ cos268 = acos@—bsin 6

Deduce that a square of side 24 will rest on the smooth pegs when the inclination of the

1. [(a=¢
side to the horizontal is as 5 Sin 2
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(7)

®)

©)

(10)

(11)

(12)

A uniform rod of weight W rests with its ends contact with two smooth planes inclined at
an angle and £ respectively to the horizontal and intesecting in a horizontal line. If g be

the inclination of the rod to the vertical show that 2coté& = cot f—cota also find the
reaction at the ends.

A smooth pegis fixed ata point P at a distance ¢ from a smooth verical wall. A uniform
rod ABof length 64 and weight Jy isin equilibrium resting on the peg with the end

A is in contact with the wall. Taking @ be the angle made by the rod AB with the
horizontal draw a triangle of force, respresenting forces acting on the rod. Find the reac-

tion at P interms of 7 and @, show that 3¢05° 9 =1

Athinrod oflength ¢ isin equilibrium with its ends resting on the inner smooth surface of
a smooth circular hoop of radius a, fixed its plane vertical. If the centre of gravity divides

a7
its length in the ratio 3:4. Prove that the inclination of the rod to the vertical is tan 1 (E)

Determine the ratio of the reaction on the lower end of the rod to that on upper end.

Two uniform smooth spheres of radius ¢ and weight Jy lie at rest touching each other

insidea fixed smooth hemispherical bowl of radius p (> 2a) . Draw in seperate dia-

grams, a triangle of forces representing forces acting on the spheres and show that the
reaction between the two spheres

Wa
1S Jb(b-2a)

One end of auniform beam of weight Jy is placed on a smooth horizontal plane, the other
end to which a string is fastened, rests against another smooth inclined plane, inclined at an
angle q tothehorizontal. The string passes over a pully at the top of the inclined plane,
hangs vertically and supports a weight P. Show that in equilibrium 2 P = W sin

A rod is movable in a vertical plane about a hinge at one end and at the end is fastened a
weight equal to half'the weight of the rod . This end is fastened by a string of length / toa

w
point ata height ¢ vertically above the hinge. Show that the tension in the string is ~

where J¥ is the weight of the rod.

(13) ABCDEF is a regular hexagon. Five forces each equal to P act along AE,ED,DC,CB,BA.

Five forces each equal to Q act along AC,CE,EB,BD,DA respectively indicated by the
order of letters. Prove that the ten forces will be in equilibrium if P and Q are in a certain
ratio and find the ratio?
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